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Abstract. We use Mébius inversion theorem to count the number of periodic orbits of a family
of dynamical systems in the circunference and derive a formula that allows to prove the following
Fermat’s theorem: If a is an integer number and p a prime number that is not a factor of a then

aP~! = 1 mod (p)

1. In Section 2 we recall a classic result of Number Theory: The Méebius inversion
theorem. In Section 3 we associate to Fermat’s problem a one parameter family of
dynamical systems that is generated by linear expansions of the circunference. Using
the Mbebius inversion theorem to count the number of periodic orbits of a given
period, we derive a formula from which it follows the theorem of Fermat. Simple and
elementary proofs of this, so called “Little theorem of Fermat” are well known, but
the connection that our proof shows between Number and Dynamical Systems theory
is quite interesting, besides, the proof's method might be inspiring to prove other
unknown Number Theory reaults or conjetures. .

2. The Mdebius function p:IN —+ N is defined as follows

pn) =1 ifn=1,
= if exist p € N such that p? | n
=(=1)*, if n = pp;..px with p; prime.
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Assume that f is any function from the natural numbers and that F: N — N is such
that
F(n)=}_ f(d).
din
The Moebius inversion theorem [1] assures that

fm) =Y pF ().

din

3. Consider the circunference § of radius one in the complex plane and the 1-
parameter family of functions f,: 5 — § given by

fn(e"“) = ezwial ,

where a is a positive integer number. This function is well defined because if ¢ and s
are such that e?** and €?** represent the same point in S then e3"%* = g2 ias,

We will consider the semi-dynamical determined by iterations of this family of func-
tions of the circunference. Given a point ¢ in S, the set

O(z) = {f"(z):n € N} .

is the orbit of the point z, where f® denotes the repeated composition of the function
f with itself, n times. A point z in § i8 periodic, of period n, if n is the minimun
natural number that satisfies f®(z) = z. In this case the set O§§) is finite (has n
elements) and is called a periodic orbit of period n.

For each a € N the function f, has periodic points of all posibles periods, in fact, the
set of periodic points of f,, of period that divides n is

Pern(fa) = {ei‘F‘-‘f:k € N} ,

and it contains a™ — 1 elements.
We can calculate the number, N(n), of periodic orbits of period n observing that

Y N(dd=a"-1,

din

and applying the Mdbius inversion formula in this equality to obtain:

N(w) =1 3 s(d)(a? - 1).

d|n

~ When n is equal to a prime number, let say p, we obtain
N(p) = g(a"l -1).
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Since N({p) is an integer, when p is not a factor of a it necessarily is a factor of the
number a?~! — 1, which proves the Little theorem of Fermat.

Historical Note.

In the year 1640 Pierre de Fermat wrote a letter to Frénicle de Bessy stating, without
proof the result that is now known as the Little Theorem of Fermat. It was not until
the year 1736 that a proof of it was made public by Leonard Euler and which was
later extended to prove a more general theorem that was named after him.
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