
Qrwdv vreuh Lqwhusrodflöq/ iöupxod gh Wd|oru
| uhvroxflöq dsur{lpdgd gh hfxdflrqhv1

Dqwrqlr Oxlv Pduwðqh} Ulfr

58 gh mxqlr gh 4<<;
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Ðqglfh Jhqhudo

4 Lqwhusrodflöq :
414 Jhqhudolgdghv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :
415 Lqwhusrodflöq srolqöplfd 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43

41514 Lqwurgxfflöq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43
41515 Iöupxod gh Odjudqjh sdud od lqwhusrodflöq srolqöplfd 46
41516 Ho sureohpd gh lqwhusrodflöq gh Wd|oru frq od iöupxod

gh Odjudqjh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:
41517 Iöupxod gh Qhzwrq sdud ho srolqrplr gh lqwhusrodflöq1

Glihuhqfldv glylglgdv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54
41518 Srolqrplr gh lqwhusrodflöq frqvwuxlgr phgldqwh glih0

uhqfldv �qlwdv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

5 Iöupxod gh Wd|oru 68
514 Whruhpdv gh Urooh | gho ydoru phglr 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68
515 Ho whruhpd gh Wd|oru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;

51514 Ho whruhpd gh Wd|oru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;
51515 Ghvduuroorv olplwdgrv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

6 Uhvroxflöq dsur{lpdgd gh hfxdflrqhv 78
614 Lqwurgxfflöq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78
615 Vhsdudflöq gh udðfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

61514 Xelfdflöq lqlfldo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:
61515 Uh�qdplhqwr 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;
61516 Phwrgrorjðd jhqhudo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7<

616 Sulphurv pìwrgrv gh uhvroxflöq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83
61614 Pìwrgrv juä�frv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83
61615 Pìwrgr gh elvhfflöq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84
61616 Pìwrgr gh odv vhfdqwhv +fxhugdv, 1 1 1 1 1 1 1 1 1 1 1 1 86
61617 Pìwrgr gh Qhzwrq +wdqjhqwhv, 1 1 1 1 1 1 1 1 1 1 1 1 1 89

617 Pìwrgrv gh lwhudflöq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8;
61714 Lqwurgxfflöq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8;
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61715 Whruhpdv gh frqyhujhqfld 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8<



Ðqglfh gh Iljxudv

414 Sduwh gh od juä�fd gh od ixqflöq 4141 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;
415 Sduwh gh od juä�fd gh od ixqflöq 419 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <
416 Sduwh gh od juä�fd gho srolqrplr 415< 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47
417 Sduwh gh od juä�fd gho srolqrplr 41631 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48
418 Ho srolqrplr eävlfr gh Odjudqjh ,f E|� gho hmhpsor 81 1 1 1 1 1 49
419 Juä�fdv gh od ixqflöq *? E� n %� | gh vx srolqrplr gh Wd|oru

gh rughq 8 sdud % ' f hq odv sur{lplgdghv gh hvwh sxqwr1 1 1 1 54
41: Sduwh gh od juä�fd gho srolqrplr gh lqwhusrodflöq gho hmhpsor

471 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;
41; Xqd pdood gh sxqwrv vreuh od uhfwd uhdo1 1 1 1 1 1 1 1 1 1 1 1 1 63
41< Sduwh gh od juä�fd gho srolqrplr gho hmhpsor 4:1 1 1 1 1 1 1 1 1 67

514 Od wdqjhqwh hv krul}rqwdo hq xq sxqwr gh od fxuyd1 1 1 1 1 1 1 1 69
515 Loxvwudflöq gho whruhpd gho ydoru phglr1 Od fxuyd glexmdgd

wlhqh wdqjhqwh hq wrgrv vxv sxqwrv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69
516 Ho ydoru s E@n �� vh sxhgh rewhqhu xwlol}dqgr ho ydoru gh s E@�

| ho gh od ghulydgd gh s hq xq sxqwr lqwhuphglr1 1 1 1 1 1 1 1 1 6;
517 Ho srolqrplr gh Wd|oru gh rughq 6 gh od ixqflöq gho hmhpsor 531 74

614 Loxvwudflöq gho whruhpd gh Ero}dqr1 Revìuyhvh txh od ixqflöq
qr hv ghulydeoh hq xq sdu gh sxqwrv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

615 Sduwh gh od juä�fd gh od ixqflöq s E%� ' %� � 2%2 n %� �1 1 1 1 83
616 Od uhfwd fruwd do hmh gh devflvdv hq xq sxqwr %� suö{lpr d od

udð}1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86
617 Ho sxqwr gh fruwh %2 vh dohmd gh od udð} do wrpdu ho sxqwr

htxlyrfdgr sdud frqvwuxlu od uhfwd1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87
618 Loxvwudflöq gho fdvr 41 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88
619 Loxvwudflöq gho fdvr 51 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88
61: Odv wdqjhqwhv wlhqhq sxqwrv gh fruwh fdgd yh} päv suö{lprv

d od udð}1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8:
61; Juä�fd gh od ghulydgd gh + ' � n 2%2 � %�1 1 1 1 1 1 1 1 1 1 1 1 94
61< Sduwh gh od juä�fd gh + ' � n 2%2 � %�1 1 1 1 1 1 1 1 1 1 1 1 1 1 95
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Fdsðwxor 4

Lqwhusrodflöq

414 Jhqhudolgdghv

Xq sureohpd px| frpýq gh od Pdwhpäwlfd dsolfdgd frqvlvwh hq sduwlu gh
xqd wdeod gh ydoruhv gh xqd ixqflöq | hydoxdu glfkd ixqflöq sdud ydoruhv gh
od yduldeoh txh qr �jxudq hq od wdeod1 Sru vxsxhvwr/ hvwr vljql�fd txh r elhq
qr frqrfhprv od h{suhvlöq dqdoðwlfd gh od ixqflöq r elhq od frqrfhprv shur
qrv lqwhuhvd vxvwlwxluod sru rwud päv vhqflood1 Wdo sureohpd vh ghqrplqd gh
lqwhusrodflöq1

Hmhpsor 4 Od vljxlhqwh wdeod qrv pxhvwud orv uhvxowdgrv gh xqd h{shulhqfld
hihfwxdgd vreuh ho prylplhqwr gh xq remhwr frq ho �q gh kdoodu od uhodflöq
h{lvwhqwh hqwuh ho wlhpsr | od yhorflgdg gh glfkr remhwr1 Od sulphud froxpqd
qrv lqglfd ho wlhpsr hq vhjxqgrv | od vhjxqgd od yhorflgdg hq phwurv sru
vhjxqgr1 Suhvflqglprv gho huuru gh phglflöq frq ho �q gh kdfhu päv vhqfloorv
qxhvwurv fäofxorv1

| +r, � +6 � r3�,
3 3
4 317
518 4
6 418

Xqd suhjxqwd txh qrv srghprv kdfhu d od ox} gh hvwrv gdwrv hv od vljxlhqwh=
ÁFxäo hv vx yhorflgdg do fder gh 5 vhjxqgrvB Sdud uhvsrqghu d hvwd fxhvwlöq
hv frqyhqlhqwh frqvwuxlu xqd ixqflöq or päv vhqflood srvleoh fx|rv ydoruhv hq
| ' fc | ' �c | ' 2�D | | ' � frlqflgdq frq orv gdgrv sru od wdeod1 Xqd yh}
rewhqlgd wdo ixqflöq edvwduä kdfhu od vxvwlwxflöq | ' 2 hq vx dujxphqwr1 Hq

:
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hvwh vhqwlgr/ od ixqflöq srolqöplfd4

R E|� ' f�� � |� � f��D � |2 n f�SD � | +414,

fxpsoh hvwrv uhtxlvlwrv sxhvwr txh hv vhqflood | vxv ydoruhv hq orv sxqwrv gdgrv
vrq orv gh od wdeod1 Gh hvwd pdqhud/ srghprv dyhqwxudu txh od yhorflgdg do
fder gh 5 vhjxqgrv hv=

R E2� ' f�� � 2� � f��D � 22 n f�SD � 2 ' f�. 6 � r3�� +415,

Od ixqflöq 414 vh glfh txh hv xqd lqwhusrodflöq d sduwlu gh orv gdwrv r elhq
txh lqwhusrod d od ixqflöq yhorflgdg � ' � E|� hq orv sxqwrv gh od wdeod1

-1

-0.5

0

0.5

1

1.5

-1 1 2 3
t

Iljxud 414= Sduwh gh od juä�fd gh od ixqflöq 4141

Hmhpsor 5 Vhd s E%� xqd ixqflöq shulöglfd gh od txh frqrfhprv orv vljxlhq0
whv ydoruhv

% +udgldqhv, s E%�
3 4
4 516
5 6

4H{solfduhprv päv dghodqwh föpr rewhqhprv hvwh srolqrplr1



4141 JHQHUDOLGDGHV <

Vh qrv slgh lqwhusrodu xqd ixqflöq frq uhvshfwr d hvwrv gdwrv1 Frpr vh
wudwd gh xqd ixqflöq shulöglfd kdfhprv od klsöwhvlv gh txh wlhqh od irupd=

s E%� ' �n� ULt%n � ti? %c +416,

grqgh �c � | � vrq qýphurv uhdohv d ghwhuplqdu1 Frq orv ydoruhv gh od wdeod
irupdprv xq vlvwhpd gh wuhv hfxdflrqhv frq wuhv lqföjqlwdv=

�n� ULt f n � ti? f ' �
�n� ULt � n � ti? � ' 2��
�n� ULt 2 n � ti? 2 ' �

<@
> +417,

Uhvxowd frpsdwleoh | ghwhuplqdgr frq vroxflöq dsur{lpdgd=

� ' ��Se.�b.2fDc � ' �f�Se.�b.2fD�c � ' ���b�2�Hb�2� +418,

Vxvwlwx|hqgr hq 416 uhvxowd od ixqflöq=

� E%� ' ��Se.�b.2fD n�f�Se.�b.2fD� ULt%n ���b�2�Hb�2 ti?% +419,

0.5

1

1.5

2

2.5

3

-1 0 1 2 3
x

Iljxud 415= Sduwh gh od juä�fd gh od ixqflöq 419

Xq sureohpd gh lqwhusrodflöq suhflvd gh grv hohphqwrv=

41 Orv gdwrv txh vh ghvhd txh vhdq frpxqhv d od ixqflöq gdgd | d od txh
vh yd d lqwhusrodu1
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51 Ho wlsr gh ixqflöq txh vh yd d xvdu frpr lqwhusrodflöq1

Hq ho hmhpsor 4/ orv gdwrv orv kd sursruflrqdgr xqd wdeod | ho wlsr gh
ixqflöq lqwhusrodgrud kd vlgr srolqöplfd1 Hq ho hmhpsor 5/ orv gdwrv wdpelìq
kdq yhqlgr gh xqd wdeod | ho wlsr gh ixqflöq lqwhusrodgrud kd vlgr xqd frp0
elqdflöq olqhdo gh ixqflrqhv wuljrqrpìwulfdv1 D sduwlu gh dkrud/ hvwxgldprv
ho sureohpd gh lqwhusrodflöq xwlol}dqgr vöor ixqflrqhv srolqöplfdv1

415 Lqwhusrodflöq srolqöplfd

41514 Lqwurgxfflöq

Odv ixqflrqhv srolqöplfdv vh fxhqwdq hqwuh odv päv vlpsohv1 Vx h{suhvlöq
jhqhudo dgrswd od irupd=

R E%� ' @f n @�%n @2%
2 n � � � n @?%

?c +41:,

grqgh ? hv xq hqwhur srvlwlyr | orv ydoruhv @�c � ' �c 2c � � � c ? vrq qýphurv
uhdohv frq @? qr qxor1 Hvwdv ixqflrqhv vrq gh fodvh �" hq U1 Hv ghflu/ vrq
ghulydeohv lqgh�qlgdphqwh frq frqwlqxlgdg hq wrgd od uhfwd uhdo1

Hmhpsor 6 Od ixqflöq uhdo gh yduldeoh uhdo

R E%� ' 2� �%n %2 � D%� +41;,

hv xqd ixqflöq srolqöplfd gh whufhu judgr/ irupdgd sru od vxpd gh orv pr0
qrplrv 2/ ��%/ %2 | �D%�/ frq frh�flhqwhv 2c ��c � | �D1 Vx frh�flhqwh
gluhfwru +ho fruuhvsrqglhqwh do prqrplr gh pd|ru judgr, hv �D1 Vxv ghulyd0
gdv vxfhvlydv vrq=

R� E%� ' �� n 2%� �D%2c +41<,

R�� E%� ' 2� �f%c +4143,

R��� E%� ' ��fc +4144,

RELY� E%� ' REY� E%� ' � � � ' RE?� E%� ' fc ? � e� +4145,

Revìuyhvh txh odv ghulydgdv vrq wdpelìq srolqöplfdv | txh d sduwlu gho rughq
fxdwur vrq wrgdv qxodv1

Vxsrqjdprv txh frqrfhprv orv ydoruhv gh xqd ixqflöq s hq orv ?n� sxq0
wrv %fc %�c � � � c %?1 Hv ghflu/ frqrfhprv +f ' s E%f� c +� ' s E%�� c � � � c +? '
s E%?�1 ÁSrghprv kdoodu dojxqd ixqflöq srolqöplfd txh frqflgd frq s hq
glfkrv sxqwrvB ÁVhuä ýqlfd r kdeuä päv gh xqdB Od uhvsxhvwd d hvwdv lqwh0
uurjdqwhv qrv od gd od vljxlhqwh sursrvlflöq1
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Whruhpd 4 +Lqwhusrodflrq srolqrplfd, Vhdq E%fc +f� c E%�c +�� c � � � c E%?c +?�
?n � sxqwrv gho sodqr frq devflvdv %� glihuhqwhv1 H{lvwh xq ýqlfr srolqrplr
R? gh judgr ? txh sdvd sru glfkrv sxqwrv1 Hvwr hv/ yhul�fd R? E%�� ' +� sdud
� ' fc �c � � � c ?1

Suxhed1 Vhd R? E%� ' @fn@�%n@2%
2n � � �n@?%

? ho srolqrplr lqwhusrodgru1
Hq wdo fdvr/ odv frqglflrqhv lpsxhvwdv lpsolfdq txh

R? E%�� ' @f n @�%� n @2%
2
� n � � �n @?%

?
� ' +�c � ' fc �c � � � ?� +4146,

Wdohv ? n � uhodflrqhv irupdq xq vlvwhpd olqhdo gh ? n � hfxdflrqhv frq
? n � lqföjqlwdv= @fc @�c � � � c @?1 Suredprv txh hv frpsdwleoh ghwhuplqdgr1
Hq hihfwr/ ho ghwhuplqdqwh gho vlvwhpd hv=

{ '

������������

� %f %2f � � %?f
� %� %2� � � %?�
� %2 %22 � � %?2
� � � � � �
� %?3� %2?3� � � %??3�
� %? %2? � � %??

������������
+4147,

Hvwh ghwhuplqdqwh hv gho wlsr Ydqghuprqgh | vx ydoru hv

{ '
?\
�	�

E%� � %�� � +4148,

Hv ghflu/ hv ho surgxfwr gh wrgrv orv idfwruhv txh srghprv frqvwuxlu gh od
irupd E%� � %�� frq � 	 �1 Sru hoor/ frpr khprv vxsxhvwr txh %� 9' %� +orv
sxqwrv gho sodqr txh khprv wrpdgr wlhqhq devflvdv glihuhqwhv,1 Ho ghwhupl0
qdqwh qr hv qxor | od pdwul} gho vlvwhpd wlhqh udqjr pä{lpr1 Sru wdqwr/ vh
wudwd gh xq vlvwhpd frpsdwleoh ghwhuplqdgr | wlhqh vroxflöq ýqlfd1 Kdooduh0
prv ydoruhv ýqlfrv sdud orv frh�flhqwhv @fc @�c � � � c @?/ gdqgr oxjdu d xq ýqlfr
srolqrplr R? E%�1

Frurodulr 4 +do whruhpd 4, Vhdq %fc %�c � � � c %? ?n � sxqwrv glvwlqwrv gho
grplqlr gh xqd ixqflöq s E%�1 H{lvwh xq srolqrplr ýqlfr R? E%� txh lqwhusrod
d s hq glfkrv sxqwrv1

Suxhed1 Edvwduä xwlol}du ho whruhpd 4 sdud orv sxqwrv
E%fc s E%f�� c E%�c s E%��� c � � � c E%?c s E%?��1
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Hmhpsor 7 Ydprv d rewhqhu ho srolqrplr lqwhusrodgru gho hmhpsor 41 Uh0
frughprv txh od wdeod gh ydoruhv gh od txh sduwlprv hv

| +r, � +6 � r3�,
3 3
4 317
518 4
6 418

Frpr whqhprv ? n � ' e sxqwrv frq devflvdv glvwlqwdv/ ho srolqrplr
lqwhusrodgru vh exvfd gh judgr ? ' �=

R� E|� ' @f n @�| n @2|
2 n @�|

�� +4149,

Odv frqglflrqhv gh od wdeod shuplwhq hvfulelu ho vlvwhpd=

R� Ef� ' @f n @� � f n @2 � f2 n @� � f� ' fc

R� E�� ' @f n @� � � n @2 � �2 n @� � �� ' f�ec

R� E2�D� ' @f n @� � 2�D n @2 � E2�D�2 n @� � E2�D�� ' �c

R� E�� ' @f n @� � � n @2 � �2 n @� � �� ' ��Dc +414:,

txh xqd yh} vlpsol�fdgr uhvxowd=

@f ' f
@f n @� n @2 n @� ' f�e

@f n 2�D � @� n S�2D � @2 n �D�S2D � @� ' �
@f n � � @� n b � @2 n 2. � @� ' ��D

<AA@
AA> +414;,

Ho ghwhuplqdqwh gh hvwh vlvwhpd hv=

{ '

��������
� f f f
� � � �
� 2�D S�2D �D�S2D
� � b 2.

��������
� +414<,

Dsolfdqgr ho ghvduuroor gh 4148 vx ydoru hv=

{ ' E�� f� � E2�D� �� � E2�D� f� � E�� 2�D� � E�� �� � E�� f�

' � � ��D � 2�D � f�D � 2 � � ' ���2D� +4153,

Do qr vhu qxor/ ho vlvwhpd hv frpsdwleoh ghwhuplqdgr | srghprv uhvroyhuor
sru Fudphu=

@f '

��������
f f f f
f�e � � �
� 2�D S�2D �D�S2D
��D � b 2.

��������
���2D

'
f

���2D
' fc +4154,
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@� '

��������
� f f f
� f�e � �
� � S�2D �D�S2D
� ��D b 2.

��������
���2D

'
.���2D

���2D
' f�SDc +4155,

@2 '

��������
� f f f
� � f�e �
� 2�D � �D�S2D
� � ��D 2.

��������
���2D

'
���b�.D

���2D
' �f� �Dc +4156,

@� '

��������
� f f f
� � � f�e
� 2�D S�2D �
� � b ��D

��������
���2D

'
���2D

���2D
' f��� +4157,

Ho srolqrplr rewhqlgr hv 414

R� E|� ' f n f�SD � |� f��D � |2 n f�� � |�� +4158,

Ho hmhpsor 7 hv xqd shtxhôd pxhvwud gh odv gl�fxowdghv txh vxujhq do
dsolfdu gluhfwdphqwh ho frurodulr do whruhpd 41 Hv fodur txh d phglgd txh
rewhqjdprv wdeodv frq xq pd|ru qýphur gh sxqwrv/ orv vlvwhpdv olqhdohv
vrq gh pd|ru yroxphq | gl�fxowdg +do phqrv pdqxdo, gh fäofxor1 Hvwr qrv
lpsxovd d exvfdu rwurv pìwrgrv sdud rewhqhu ho srolqrplr gh lqwhusrodflöq1

41515 Iöupxod gh Odjudqjh sdud od lqwhusrodflöq srol0
qöplfd

Sdud kdoodu ho srolqrplr gh lqwhusrodflöq hq orv ? n � sxqwrv
E%fc +f� c E%�c +�� c � � � c E%?c +?� uhvxowd föprgr frqvwuxlu xq srolqrplr txh

ydojd fhur hq ? gh wdohv sxqwrv | xqr hq ho uhvwdqwh1 Sru hmhpsor/ vl txhuhprv
xq srolqrplr gh judgr ? ' � txh ydojd fhur hq orv sxqwrv gh devflvdv % ' �/
% ' 2/ % ' e | xqr hq ho sxqwr gh devflvd % ' �/ srghprv hvfulelu

R� E%� ' @ E%� �� E%� 2� E%� e� � +4159,

Ho frh�flhqwh @ or ghwhuplqdprv frq od frqglflöq R� E�� ' �1 Hq frqfuhwr=

R� E�� ' @ E�� �� E�� 2� E�� e� ' �c +415:,

txh vlpsol�fdgr sursruflrqd od hfxdflöq

�2@ ' �� +415;,



47 FDSÐWXOR 41 LQWHUSRODFLÖQ

Hv ghflu @ ' ��
2
/ txhgdqgr 4159 frpr=

R� E%� ' ��

2
E%� �� E%� 2� E%� e� +415<,

-6

-4

-2

0

2

4

1 2 3 4 5
x

Iljxud 416= Sduwh gh od juä�fd gho srolqrplr 415<

Revhuydprv txh vl pxowlsolfdprv ho srolqrplr 415< sru xq qýphur duel0
wudulr/ rewhqhprv xq srolqrplr fx|r ydoru hq % ' � hv hvh qýphur duelwudulr1
Dvð/ ho srolqrplr=

R� E%� ' �D � �
2
E%� �� E%� 2� E%� e� +4163,

ydoh fhur hq orv sxqwrv % ' �/ % ' 2 | % ' e | 8 hq % ' �1
Hvwdv frqvlghudflrqhv prwlydq od vljxlhqwh gh�qlflöq1

Gh�qlflöq 4 +Srolqrplr edvlfr gh Odjudqjh, Vhdq ? n � sxqwrv gh od
uhfwd uhdo= %fc %�c � � � c %?1 Ho srolqrplr eävlfr gh Odjudqjh ,& E%� sdud %& hv
dtxho srolqrplr gh judgr ? txh fxpsoh=

41 , E%�� ' f sdud wrgr � 9' &1

51 , E%&� ' �1

Vx h{suhvlöq hv

,& E%� '
��T?

��'& E%& � %��
� ?\

��'&

E%� %�� +4164,
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Iljxud 417= Sduwh gh od juä�fd gho srolqrplr 41631

Hmhpsor 8 Yroyhprv do hmhpsor 4 | d orv gdwrv gh od wdeod=
| +r, � +6 � r3�,
3 3
4 317
518 4
6 418

Ho srolqrplr eävlfr gh Odjudqjh ,f E|� sdud | ' f hv dtxho gh judgr wuhv
txh ydoh fhur hq wrgrv orv sxqwrv uhvwdqwhv= | ' �c | ' 2�D | | ' � | xqr hq
| ' f1 Dsolfdqgr od h{suhvlöq 4164 txhgd

,f E|� '
�

Ef� �� Ef� 2�D� Ef� ��
� E|� �� E|� 2�D� E|� �� c +4165,

Orv srolqrplrv eävlfrv gh Odjudqjh sdud | ' �/ | ' 2�D | | ' � vrq/ uhvshfwl0
ydphqwh=

,� E|� '
�

E�� f� E�� 2�D� E�� ��
� E|� f� E|� 2�D� E|� �� c +4166,

,2 E|� '
�

E2�D� f� E2�D� �� E2�D� ��
� E|� f� E|� �� E|� �� c +4167,

,� E|� '
�

E�� f� E�� �� E�� 2�D�
� E|� f� E|� �� E|� 2�D� � +4168,

Xwlol}dqgr orv srolqrplrv eävlfrv gh Odjudqjh srghprv gdu xqd h{suhvlöq
uhodwlydphqwh föprgd gho srolqrplr gh lqwhusrodflöq1
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0
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3

-1 1 2 3
t

Iljxud 418= Ho srolqrplr eävlfr gh Odjudqjh ,f E|� gho hmhpsor 81

Whruhpd 5 Vhd s xqd ixqflöq uhdo | vhdq ?n � sxqwrv gho sodqr=
E%fc +f� c E%�c +�� c � � � c E%?c +?�/ frq devflvdv %� glihuhqwhv/ | rughqdgdv +� '

s E%��1 Ho srolqrplr gh lqwhusrodflöq gh s hq glfkrv sxqwrv hv

u? E%� ' +f,f E%� n +�,� E%� n � � � n +?,? E%� c +4169,

grqgh orv ,& E%� c & ' fc �c � � � c ? vrq orv srolqrplrv eävlfrv gh Odjudqjh gh
orv uhvshfwlyrv %&1

Suxhed1 Vdehprv sru frurodulr do whruhpd 4 txh h{lvwh xq ýqlfr srolqr0
plr gh lqwhusrodflöq txh sdvd sru orv sxqwrv E%fc +f� c E%�c +�� c � � � c E%?c +?�1
Fodudphqwh/ ho srolqrplr 4169 yhul�fd u? E%&� ' +& sdud & ' fc �c � � � c ? |d
txh

u? E%&� ' +f,f E%&� n +�,� E%&� n � � �n +&,& E%&� n � � �n +?,? E%&� +416:,

| orv ydoruhv ,� E%&� vrq qxorv sdud � 9' &/ vlhqgr ,& E%&� ' �1 Od xqlflgdg
h{ljh txh ho srolqrplr 4169 vhd ho srolqrplr gh lqwhusrodflöq1

Ho srolqrplr gh lqwhusrodflöq 4169 vh glfh rewhqlgr phgldqwh od iöupxod
gh Odjudqjh1 Gh irupd frqflvd wdo iöupxod hv

u? E%� '
?[
�'f

3
Cs E%�� � ��T?

��'& E%& � %��
� ?\

��'&

E%� %��

4
D +416;,
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Hmhpsor 9 Dsolfdqgr od iöupxod gh Odjudqjh sdud srolqrplr gh lqwhusrod0
flöq gho hmhpsor 4 rewhqhprv=

u� E%� ' f � �

Ef� �� Ef� 2�D� Ef� ��
� E|� �� � E|� 2�D� � E|� �� n

nf�e � �

E�� f� E�� 2�D� E�� ��
� E|� f� � E|� 2�D� � E|� �� n

n� � �

E2�D� f� E2�D� �� E2�D� ��
� E|� f� � E|� �� � E|� �� n

n��D � �

E�� f� E�� �� E�� 2�D�
� E|� f� � E|� �� � E|� 2�D� � +416<,

Hvwh srolqrplr ghvduuroodgr qrv wlhqh txh gdu ho plvpr uhvxowdgr txh 414 gho
hmhpsor 4 sxhvwr txh hv ýqlfr1

41516 Ho sureohpd gh lqwhusrodflöq gh Wd|oru frq od
iöupxod gh Odjudqjh

Dxqtxh hq ho fdsðwxor 5 yhprv frq ghwdooh od iöupxod gh Wd|oru/ srghprv
hpsohdu od iöupxod gh Odjudqjh sdud kdoodu ho srolqrplr gh Wd|oru/ ho fxdo
hv od sduwh sulqflsdo gh od iöupxod +shur qr wrgd,1 Od fodyh gh hvwr frqvlvwh
hq txh ho srolqrplr gh Wd|oru qr hv päv txh xq srolqrplr gh lqwhusrodflöq
txh fxpsoh flhuwdv frqglflrqhv1

Gh�qlflöq 5 +Srolqrplr gh Wd|oru, Vhd s xqd ixqflöq ? yhfhv glihuhq0
fldeoh hq xq delhuwr � gh od uhfwd uhdo | vhd %f 5 �1 Ho srolqrplr gh Wd|oru
A? E%� gh rughq ? sdud s E%� hq ho sxqwr %f hv ho srolqrplr gh judgr ? d or
vxpr txh yhul�fd=

s E&� E%f� ' A E&�
? E%f� c & ' fc �c � � � c ?� +4173,

Hv ghflu/ vh wudwd gho srolqrplr gh judgr � ? fx|dv ghulydgdv5 frlqflghq frq
odv ghulydgdv gh od ixqflöq hq ho sxqwr %f1

Qr wrgd ixqflöq dgplwh xq srolqrplr gh Wd|oru hq xq ghwhuplqdgr sxqwr
gh vx grplqlr1 Odv frqglflrqhv txh shuplwhq jdudqwl}du vx h{lvwhqfld vh
h{srqguäq hq ho fdsðwxor 51 Hq orv säuudirv vljxlhqwhv vh dvxph txh odv
ixqflöqhv hvwxgldgdv wlhqhq srolqrplr gh Wd|oru hq orv sxqwrv gdgrv1

5Uhfrughprv txh od ghulydgd gh rughq fhur hv od sursld ixqflöq1
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Hmhpsor : Vhd od ixqflöq uhdo gh yduldeoh uhdo s E%� ' ti?%/ gh�qlgd hq ho
delhuwr � '

�
fc Z

2

�
1 Hvwd ixqflöq hv lqgh�qlgdphqwh ghulydeoh frq frqwlqxl0

gdg1 Vhd wdpelìq ho sxqwr %f ' Z
e
5 �1 Ho srolqrplr gh Wd|oru A� E%� gh

rughq � sdud s hq ho sxqwr %f hv dtxho srolqrplr gh judgr � � txh fxpsoh=

s
�Z
e

�
' ti?

�Z
e

�
' A�

�Z
e

�
c s �

�Z
e

�
' ULt

�Z
e

�
' A ��

�Z
e

�
c

s ��
�Z
e

�
' � ti?

�Z
e

�
' A ���

�Z
e

�
c s ���

�Z
e

�
' � ULt

�Z
e

�
' A ����

�Z
e

�
�+4174,

Vxvwlwx|hqgr6/ whqhprv=
s
2

2
' A�

�Z
e

�
c

s
2

2
' A ��

�Z
e

�
c �

s
2

2
' A ���

�Z
e

�
c�

s
2

2
' A ����

�Z
e

�
� +4175,

Dkrud elhq/ Áföpr kdoodprv glfkr srolqrplrB Yhprv txh odv frqvlghudflrqhv
txh khprv xwlol}dgr sdud od iöupxod gh Odjudqjh vrq dsolfdeohv1 Hq hihfwr/
od h{suhvlöq gh xq srolqrplr ^& E%� gh judgr ? d or vxpr | fx|dv ghulydgdv
vrq wrgdv qxodv hq %f/ d h{fhsflöq gh od &0ìvlpd ghulydgd/ hv

^& E%� ' E%� %f�
& � +4176,

Hvwr hv dvð ghelgr d txh

^�& E%� ' & E%� %f�
&3� c +4177,

^��& E%� ' & E& � �� E%� %f�
&32 c +4178,

� � �

^E&� E%� ' &- E%� %f�
f ' &-� +4179,

Vl txhuhprv txh dghpäv glfkr srolqrplr whqjd od ghulydgd &0ìvlpd ljxdo d
od xqlgdg/ ghehprv glylgluor sru &-1 Hq hihfwr/

,& E%� '
E%� %f�

&

&-
+417:,

hv xqd ixqflöq fx|d ghulydgd &0ìvlpd hv ljxdo d xqr hq %f | odv uhvwdqwh qxodv
+ghmdprv do ohfwru txh or frpsuxheh,1 Uhwrpdqgr qxhvwur hmhpsor/ whqhprv
txh xq srolqrplr ,f E%� gh judgr 6 d or vxpr/ fx|d ghulydgd gh rughq fhur
hq %f '

Z
e
hv xqr | odv uhvwdqwhv qxodv hv/ dsolfdqgr 417:=

,f E%� '

�
%� Z

e

�f
f-

� +417;,

6Uhfrughprv txh vhq �

7
@ frv �

7
@
s
5

5
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Xq srolqrplr ,� E%� gh judgr 6 d or vxpr/ fx|d sulphud ghulydgd hq %f '
Z
e

hv xqr | odv uhvwdqwhv qxodv hv=

,� E%� '

�
%� Z

e

�
�-

� +417<,

Xq srolqrplr ,2 E%� gh judgr � �/ fx|d vhjxqgd ghulydgd hq Z
e
hv xqr | odv

uhvwdqwhv qxodv hv=

,2 E%� '

�
%� Z

e

�2
2-

� +4183,

Ilqdophqwh/ xq srolqrplr gh judgr � �/ frq whufhud ghulydgd hq Z
e
ljxdo d

xqr | odv uhvwdqwhv qxodv hv=

,� E%� '

�
%� Z

e

��
�-

� +4184,

D�updprv txh ho srolqrplr A� E%� gh Wd|oru exvfdgr hv

A� E%� '

s
2

2
,f E%� n

s
2

2
,� E%��

s
2

2
,2 E%��

s
2

2
,� E%� � +4185,

Dvð hv/ |d txh
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Revìuyhvh txh hvwh srolqrplr or khprv rewhqlgr pxowlsolfdqgr fdgd wìuplqr
,& E%� sru ho ydoru gh od &0ìvlpd ghulydgd hq %f | vxpdqgr orv uhvxowdgrv gh
hvwrv surgxfwrv1 Hv ghflu/

A� E%� '
�[

&'f

s E&� E%f� ,& E%� '
�[

&'f

s E&� E%f�
E%� %f�

&

&-
� +418:,

Frq odv frqvlghudflrqhv gho hmhpsor 7 srghprv hqxqfldu ho vljxlhqwh whr0
uhpd1

Whruhpd 6 +Irupxod gho srolqrplr gh Wd|oru, Vhd s E%� xqd ixqflöq
? yhfhv glihuhqfldeoh frq frqwlqxlgdg hq xq hqwruqr gho sxqwr %f gh vx gr0
plqlr1 Ho srolqrplr gh Wd|oru gh rughq ? sdud s hv=

A? E%� '
?[

&'f

s E&� E%f�
E%� %f�

&

&-
+418;,

Hmhpsor ; Ydprv d kdoodu ho srolqrplr gh Wd|oru gh rughq 8 sdud s E%� '
*?E� n %� hq ho sxqwr %f ' f1 Gh dfxhugr frq 418; uhvxowd=

AD E%� '
D[

&'f

s E&� Ef�
E%� f�&

&-
� +418<,

Hq od iöupxod dqwhulru lqwhuylhqhq odv ghulydgdv gh od ixqflöq s / dvl txh hv
frqyhqlhqwh kdoodu vx h{suhvlöq jhqhudo1 Yhprv txh=

s Ef� E%� ' *? E� n %� c +4193,

s � E%� ' E� n %�3� c +4194,

s �� Ef� ' E��� E� n %�32 c +4195,

s ��� E%� ' E�2� E��� E� n %�3� � +4196,

Gh hvwd pdqhud/ srghprv vxsrqhu txh=

s E?� E%� '

�
*? E� n %� vl hv ? ' f

E���?n� � E?� ��- � E� n %�3? vl hv ? � �
+4197,

Od h{suhvlöq 4197 vh ghpxhvwud sru lqgxfflöq +ghmdprv hvwr d fxlgdgr gho
ohfwru, | vxvwlwxlgd hq 418< gd oxjdu d=

AD E%� ' *? E� n f� n
D[

&'�

E���&n� � E& � ��- � E� n f�3& � E%� f�&

&-
'

' *? � n
D[

&'�

E���&n� � �3& � %
&

&
' f n

D[
&'�

E���&n� � %
&

&
� +4198,
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Vlpsol�fdqgr xq srfr päv rewhqhprv ho srolqrplr gh Wd|oru exvfdgr=

AD E%� '
D[

&'�

E���&n� � %
&

&
' %� %2

2
n

%�

�
� %e

e
n

%D

D
� +4199,

y=T(x)

y=ln(1+x)
-3

-2

-1

0
-1 -0.5 0.5 1

x

Iljxud 419= Juä�fdv gh od ixqflöq *? E� n %� | gh vx srolqrplr gh Wd|oru gh
rughq 8 sdud % ' f hq odv sur{lplgdghv gh hvwh sxqwr1

41517 Iöupxod gh Qhzwrq sdud ho srolqrplr gh lqwhu0
srodflöq1 Glihuhqfldv glylglgdv1

Od iöupxod gh Odjudqjh sdud ho srolqrplr gh lqwhusrodflöq uhvxowd px| vhq0
vleoh d od dglflöq gh ydoruhv gh lqwhusrodflöq1 Hq hihfwr/ vl txhuhprv sd0
vdu gho srolqrplr gh judgr ? txh lqwhusrod d xqd ixqflöq s hq orv sxqwrv
%fc %2c � � � c %? do srolqrplr gh judgr ? n � txh lqwhusrod d glfkd ixqflöq hq
orv sxqwrv %fc %2c � � � c %?c %?n�/ ghehprv hihfwxdu gh qxhyr wrgrv orv fäofxorv
sxhv orv srolqrplr eävlfrv gh Odjudqjh fdpeldq1 Sdud vrvod|du hvwh lqfrqyh0
qlhqwh h{srqhprv d frqwlqxdflöq xq pìwrgr gh wlsr uhfxuvlyr txh vh suhvwd
px| elhq do hpsohr gho rughqdgru1 Lqwurgxflprv wdo pìwrgr frq xq hmhpsor
whöulfr1

Hmhpsor < Vxsrqjdprv txh ho srolqrplr R&3� E%� c � � & � ?/ lqwhusrod d
s E%� hq orv sxqwrv %fc %�c � � � c %&3�1 Vhd %& xq sxqwr glvwlqwr gh orv dqwhulruhv
| R& E%� ho srolqrplr txh lqwhusrod d s E%� hq orv sxqwrv %fc %�c � � � c %&3�c %&1
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ÁTxì wlhqhq hq frpýq wdohv srolqrplrv lqwhusrodgruhvB Hylghqwhphqwh/ frlq0
flghq vxv ydoruhv sdud %fc %�c � � � c %&3�/ sru or txh vx glihuhqfld

^& E%� ' R& E%�� R&3� E%� +419:,

hv xq srolqrplr gh judgr � & txh vh dqxod sdud %fc %�c � � � c %&3�1 Hv ghflu/
gheh whqhu od irupd7=

^& E%� ' �& E%� %f� E%� %�� � � � E%� %&3�� c +419;,

grqgh �& hv xqd frqvwdqwh uhdo1 Hq uhvxphq/ xwlol}dqgr 419: | 419;/ ho
srolqrplr R& E%� uhvxowd ljxdo d od vxpd=

R& E%� ' R&3� E%� n ^& E%� ' R&3� E%� n �& E%� %f� E%� %�� � � � E%� %&3�� �
+419<,

Hvwd h{suhvlöq uhfxuvlyd hv yäolgd sdud wrgr � � & � ? | vx dsolfdflöq
uhlwhudgd kdfld dwuäv +hv ghflu/ wrpdqgr & ' ?c ? � �c � � � c �,/ qrv shuplwh
gh�qlu ho srolqrplr gh lqwhusrodflöq R? E%� sdud orv sxqwrv %fc %�c � � � c %? hq
od irupd=

R? E%� ' Rf E%� n �� E%� %f� n �2 E%� %f� E%� %�� n � � � +41:3,

n�? E%� %f� E%� %�� � � � E%� %?3�� �

Sdud ghwhuplqdu frpsohwdphqwh hvwh srolqrplr vöor uhvwd kdoodu ho ydoru gh
Rf E%� | gh orv frh�flhqwhv ��c � ' �c 2c � � � c ?1 Hq hvwh vhqwlgr/ vl wrpdprv
% ' %& hq 419;/ uhvxowd=

^& E%&� ' �& E%& � %f� E%& � %�� � � � E%& � %&3�� � +41:4,

Qlqjxqr gh orv prqrplrv E%& � %�� c � ' fc �c � � � c & � � hv qxor |d txh %& vh
kd wrpdgr glvwlqwr d orv %�1 Sru hoor/ srghprv ghvshmdu ho ydoru gh �& gh
41:4=

�& '
^& E%&�

E%& � %f� E%& � %�� � � � E%& � %&3��
� +41:5,

Frpr � � & � ?/ ho ydoru gh Rf E%� qr sxhgh rewhqhuvh sru 41:51 Shur hv
s E%f� ' R? E%f�/ sru or txh vl kdfhprv % ' %f hq 41:3 txhgd=

s E%f� ' Rf E%f� � +41:6,

Sdud xql�fdu qrwdflrqhv/ frqyhqlprv hq txh �f ' Rf E%f� | hqwrqfhv 41:3
suhvhqwd ho vljxlhqwh dvshfwr=

R? E%� ' �f n �� E%� %f� n �2 E%� %f� E%� %�� n � � � +41:7,

n�? E%� %f� E%� %�� � � � E%� %?3�� � +41:8,

7Yhu orv säuudirv lqlfldohv gh od vxevhfflöq 41515
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Fxdqgr dôdglprv xq sxqwr gh lqwhusrodflöq päv %?n�/ vöor whqhprv txh
lqfoxlu ho wìuplqr �?n� E%� %f� E%� %�� � � � E%� %?3�� E%� %?� hq 41:7 sdud
frqvhjxlu ho qxhyr srolqrplr gh lqwhusrodflöq1

Gh�qlflöq 6 +Srolqrplr gh lqwhusrodflrq gh Qhzwrq, Vhdq ?n� sxq0
wrv gho sodqr= E%fc +f� c E%�c +�� c � � � c E%?c +?�/ frq devflvdv %� glihuhqwhv | ru0
ghqdgdv +� ' s E%��1 Od h{suhvlöq

R? E%� ' �f n �� E%� %f� n �2 E%� %f� E%� %�� n � � �

n�? E%� %f� E%� %�� � � � E%� %?3�� +41:9,

vh oodpd iöupxod gh Qhzwrq sdud ho srolqrplr gh lqwhusrodflöq gh s hq glfkrv
sxqwrv vl | vöor vl yhul�fd R? E%�� ' +� sdud � ' fc �c � � � c ?1

Hylghqwhphqwh/ vl vh qrv gdq orv plvprv sxqwrv/ ho srolqrplr gh lqwhu0
srodflöq sdud s rewhqlgr sru od iöupxod gh Odjudqjh | ho rewhqlgr sru od
iöupxod gh Qhzwrq kdq gh frlqflglu sxhvwr txh/ vhjýq ho whruhpd 4/ wdo sr0
olqrplr hv ýqlfr1 Wdq vöor gl�huhq hq vx irupd gh fdofxoduvh1 D sursövlwr
gh fäofxorv/ revhuyduhprv txh qr khprv ghwhuplqdgr föpr fdofxodu orv frh0
�flhqwhv �� hq od iöupxod gh Qhzwrq1

Hmhpsor 43 Vxsrqjdprv txh txhuhprv kdoodu od iöupxod gh Qhzwrq sdud ho
srolqrplr gh lqwhusrodflöq gho hmhpsor 41 Frpr orv sxqwrv vrq |f ' fc |� '
2�D | |2 ' � od iöupxod shglgd hv=

R� E%� ' �f n �� E|� f� n �2 E|� f� E|� �� n �� E|� f� E|� �� E|� 2�D� �
+41::,

Sdud kdoodu orv frh�flhqwhv sodqwhdprv odv frqglflrqhv=

R� Ef� ' fc R� E�� ' f�ec R� E2�D� ' �c R� E�� ' ��D� +41:;,

Txh oohydgdv d od iöupxod 41:: gdq oxjdu d=

f ' R� Ef� ' �fc +41:<,

f�e ' R� E�� ' �f n ��c +41;3,

� ' R E2�D� ' �f n 2�D�� n ��D�2c +41;4,

��D ' R� E�� ' �f n ��� n S�2 n ���� +41;5,

Odv hfxdflrqhv rewhqlgdv irupdq xq vlvwhpd olqhdo vhqfloor fx|dv vroxflrqhv
vrq=

�f ' fc +41;6,
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�� ' f�e� �f ' f�e� f ' f�ec +41;7,

�2 '
�� �f � 2�D��

��D
'

�� f� 2�D � f�e
��D

' fc +41;8,

�� '
��D� �f � ��� � S�2

�
'

��D� f� � � f�e� S � f
�

' f��� +41;9,

Ho srolqrplr gh lqwhusrodflöq txhgd=

R� E|� ' f n f�e � |n f � | E|� �� n f�� � | E|� �� E|� 2�D� '

' f�e � |n f�� � | E|� �� E|� 2�D� +41;:,

Vl ghvduuroodprv hvwh srolqrplr uhvxowd ho srolqrplr 414 rewhqlgr hq ho hmhp0
sor 4=

R� E|� ' f�SD � |� f��D � |2 n f�� � |�� +41;;,

Ho vljxlhqwh uhvxowdgr qrv sursruflrqd xq pìwrgr jhqhudol}dgr sdud kdoodu
orv frh�flhqwhv �� gh od iöupxod gh Qhzwrq1

Whruhpd 7 Vhd R? E%� ' �f n �� E%� %f� n �2 E%� %f� E%� %�� n � � �
n�? E%� %f� E%� %�� � � � E%� %?3�� od iöupxod gh Qhzwrq sdud ho srol0

qrplr gh gh s E%� hq orv sxqwrv %fc %�c � � � c %?1 Ho frh�flhqwh �f hv ljxdo d
s E%f� | orv frh�flhqwhv �&c & ' �c 2c � � � c ? vh rewlhqhq phgldqwh od h{suhvlöq=

�& '
&[

�'f

s E%��

E%� � %f� E%� � %�� � � � E%� � %�3�� E%� � %�n�� � � � E%� � %&�
� +41;<,

Suxhed1 Hylghqwhphqwh hv R? E%f� ' s? E%f� ' �f1 Sureduhprv txh orv
uhvwdqwhv �& vh frqvljxhq frq 41;<1 Hq hihfwr/ vhd � � & � ?/ od iöupxod gh
Qhzwrq sdud ho srolqrplr gh lqwhusrodflöq gh s hq orv sxqwrv %fc %�c � � � c %&
sxhgh srqhuvh gh pdqhud frqflvd frpr=

R& E%� '
&[

�'f

#
�� �

�3�\
�'f

E%� %��

$
c +41<3,

grqgh kdfhprv ho frqyhqlr gh txh
T3�

�'f E%� %�� ' � frq ho �q gh rewhqhu �f

frpr sulphu vxpdqgr1 Od iöupxod gh Odjudqjh sdud hvwh plvpr srolqrplr
gh lqwhusrodflöq wdpelìq sxhgh srqhuvh gh irupd frqflvd +yhu 416;, frpr=

R& E%� '
&[

�'f

3
Cs E%�� � ��T&

��'� E%� � %��
� &\

��'�

E%� %��

4
D � +41<4,
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Orv wìuplqrv gh judgr & gh dperv srolqrplrv wlhqh sru frh�flhqwhv/ uhvshf0
wlydphqwh=

�&c
&[

�'f

3
Cs E%�� � ��T&

��'� E%� � %��
�
4
D +41<5,

Sru hoor=

�& '
&[

�'f

s E%���T&

��'� E%� � %��
� � +41<6,

Hvwr whuplqd qxhvwud suxhed1
Orv frh�flhqwhv �& vh oodpdq glihuhqfldv glylglgdv gh s hq orv sxqwrv

%fc %�c � � � c %& | vh qrwdq sru

�& ' s d%fc %�c � � � c %&o +41<7,

Hmhpsor 44 Vhdq orv sxqwrv %f ' �/ %� ' 2/ %2 ' � | od ixqflöq s E%� ' 2%1
Od glihuhqfld glylglgd gh s hq wdohv sxqwrv hv=

s d%fc %�c %2o '
s E%f�

E%f � %�� E%f � %2�
n

s E%��

E%� � %f� E%� � %2�
n

n
s E%��

E%2 � %f� E%2 � %��
'

2�

E�� 2� � E�� ��
n

22

E2� �� � E2� ��
n

n
2�

E�� �� � E�� 2�
'

2

2
n

e

��
n

H

2
' �� e n e ' �� +41<8,

Od iöupxod 41:7 txhgd dkrud frpr

R? E%� '
?[
�'f

#
s d%fc %�c � � � c %�o �

�3�\
�'f

E%� %��

$
c +41<9,

grqgh frqyhqlprv hq txh
T3�

�'f E%� %f� ' � | s d%fo ' s E%f�1
Odv glihuhqfldv glylglgdv fxpsohq xqd vhulh gh surslhgdghv +txh qr gh0

prvwuduhprv, hqwuh odv fxdohv ghvwdfdq odv grv vljxlhqwhv=

41 Odv glihuhqfldv glylglgdv vrq ixqflrqhv vlpìwulfdv gh vxv dujxphqwrv1
Hv ghflu/ fxdotxlhu shupxwdflöq gh wdohv dujxphqwrv ghmd lqdowhudgr ho
ydoru gh od glihuhqfld glylglgd1

51 Vh yhul�fd od vljxlhqwh uhodflöq=

s d%fc %�c � � � c %&o '
s d%fc %�c � � � c %&3�o� s d%�c %2c � � � c %&o

%f � %&
� +41<:,
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Od vhjxqgd gh hvwdv surslhgdghv qrv gd od fodyh sdud xq dojrulwpr vhqfl0
oor | h�flhqwh txh qrv shuplwluä rewhqhu odv glihuhqfldv glylglgdv |/ hq frqvh0
fxhqfld/ od iöupxod gh Qhzwrq sdud ho srolqrplr gh lqwhusrodflöq1 Ho hmhpsor
vljxlhqwh qrv pxhvwud wdo dojrulwpr1

Hmhpsor 45 Sduwlprv sru hqìvlpd yh} gh orv gdwrv gho hmhpsor 4=
| +r, � +6 � r3�,
3 3
4 317
518 4
6 418

Frqyhqlprv hq txh � E|�� ' � d|�o1 Hv ghflu/ orv ydoruhv gh od ixqflöq vrq
odv glihuhqfldv glylglgdv gh sulphu rughq1 Gh dfxhugr frq 41<:/ whqhprv=

� d|fc |�o '
� d|fo� � d|�o

|f � |�
'

f� f�e

f� �
' f�ec +41<;,

� d|�c |2o '
� d|�o� � d|2o

|� � |2
'

f�e� �

�� 2�D
' f�ec +41<<,

� d|2c |�o '
� d|2o� � d|�o

|2 � |�
'

�� ��D

2�D� �
' �c +41433,

� d|fc |�c |2o '
� d|fc |�o� � d|�c |2o

|f � |2
'

f�e� f�e

f� 2c D
' fc +41434,

� d|�c |2c |�o '
� d|�c |2o� � d|2c |�o

|� � |�
'

f�e� �

�� �
' f��c +41435,

� d|fc |�c |2c |�o '
� d|fc |�c |2o� � d|�c |2c |�o

|f � |�
'

f� f��

f� �
' f��� +41436,

Hq hvwh fdvr od iöupxod 41<9 gho srolqrplr gh lqwhusrodflöq gh Qhzwrq hv=

R� E|� ' � d|fo n � d|fc |�o E|� |f� n � d|fc |�c |2o E|� |f� E|� |�� n

n� d|fc |�c |2c |�o E|� |f� E|� |�� E|� |2� � +41437,

Vxvwlwx|hqgr orv ydoruhv kdoodgrv txhgd=

R� E|� ' f n f�e � E|� f� n f � | E|� �� n f�� � | E|� �� E|� 2�D� '

' f�e � |n f�� � | E|� �� E|� 2�D� � +41438,

Ho ohfwru revhuyduä txh hv ho plvpr uhvxowdgr txh hq ho hmhpsor 431
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Frq remhwr gh idflolwdu orv fäofxorv gh odv glihuhqfldv glylglgdv/ vh vxhohq
glvsrqhu orv gdwrv hq xqd wdeod gh od irupd=

%f s d%fo
s d%fc %�o

%� s d%�o s d%fc %�c %2o
s d%�c %2o s d%fc %�c %2c %�o

%2 s d%2o s d%�c %2c %�o s d%fc %�c %2c %�c %eo
s d%2c %�o s d%�c %2c %�c %eo

%� s d%�o s d%2c %�c %eo
s d%�c %eo

%e s d%eo

grqgh s d%�o ' s E%�� | ho uhvwr gh glihuhqfldv glylglgdv vh fdofxod phgldqwh
od surslhgdg 41<:1 Revìuyhvh txh orv frh�flhqwhv gh od iöupxod gh Qhzwrq
vrq orv hohphqwrv gh od sduwh vxshulru gh od wdeod1

Hmhpsor 46 Gh qxhyr xwlol}dprv od wdeod
| +r, � +6 � r3�,
3 3
4 317
518 4
6 418

Glvsrqhprv hq irupd wdexodu orv fäofxorv gho hmhpsor 45=
3 3

f3f�e
f3� ' f� e

4 317 f�e3f�e
f32cD ' f

f�e3�
�32�D ' f�e f3f��

f3� ' f��

518 4 f�e3�
�3� ' f��

�3��D
2�D3� ' �

6 418
Orv hohphqwrv gh od sduwh vxshulru gh od wdeod/ frphq}dqgr sru od vhjxqgd

froxpqd/ vrq orv frh�flhqwhv �� gh od iöupxod gh Qhzwrq

Hmhpsor 47 Ydprv d dsolfdu od phwrgrorjðd wdexodu gh odv glihuhqfldv gl0
ylglgdv sdud kdoodu od iöupxod gh Qhzwrq gho srolqrplr txh lqwhusrod d od
ixqflöq s E%� hq orv sxqwrv gh od wdeod=

% s E%�
3 4
416 514
5 515
615 7
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Vdehprv txh od h{suhvlöq exvfdgd hv gh od irupd=

R� E%� ' �fn�� E%� f�n�2 E%� f� E%� ����n�� E%� f� E%� ���� E%� 2� �
+41439,

Orv frh�flhqwhv �� vh rewlhqhq +gh irupd dsur{lpdgd hq hvwh fdvr, gh od
wdeod gh glihuhqfldv glylglgdv=

3 4
�32��
f3��� ' f� HeS�D

416 514 f�HeS�D3f� �e2HS
f32 ' �f� �D�SD

2��32�2
���32 ' f � �e2HS 3f� �D�SD3f� .�e2H

f3��2 ' f � ����
5 515 f� �e2HS3��D

���3��2 ' f� .�e2H
2�23e
23��2 ' �� D

615 7
Od iöupxod gh Qhzwrq sdud ho srolqrplr gh lqwhusrodflöq8 hv=

R� E%� ' � n f� HeS�D%� f� �D�SD% E%� ���� n f� ����% E%� ���� E%� 2�
+4143:,

x 543210

6

5

4

3

2

1

0

Iljxud 41:= Sduwh gh od juä�fd gho srolqrplr gh lqwhusrodflöq gho hmhpsor 471

Xq dsduwdgr px| lqwhuhvdqwh gho sureohpd gh lqwhusrodflöq hv ho hvwxglr
gho huuru frphwlgr1 Qr wudwduhprv hvwh whpd/ wdq vöor phqflrqdprv txh ho
dxphqwdu qýphur gh sxqwrv lqwhusrodflöq qr jdudqwl}d txh ho srolqrplr gh
lqwhusrodflöq vh dsur{lph päv d od ixqflöq lqwhusrodgd1

8Hvwd hv xqd h{suhvlöq dsur{lpdgd sxhvwr txh orv frh�flhqwhv vrq dsur{lpdgrv1 Ho
ohfwru sxhgh hihfwxdu orv fäofxorv h{dfwrv hq od wdeod sdud rewhqhu orv frh�flhqwhv h{dfwrv1
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41518 Srolqrplr gh lqwhusrodflöq frqvwuxlgr phgldqwh
glihuhqfldv �qlwdv

Frq iuhfxhqfld qrv hqfrqwudprv txh odv wdeodv vreuh odv txh lqwhusrodprv
wlhqhq ljxdophqwh hvsdfldgrv orv dujxphqwrv1 Hq hvwh fdvr/ odv oodpdgdv
glihuhqfldv �qlwdv vrq gh judq xwlolgdg1

Gh�qlflöq 7 +Glihuhqfldv �qlwdv, Vhd + ' s E%� xqd ixqflöq uhdo gh�ql0
gd hq xqd �pdood� gh sxqwrv htxlhvsdfldgrv gh od uhfwd uhdo/ frq glvwdqfld
� : f hqwuh grv sxqwrv frqvhfxwlyrv | sxqwr �edvh� %f/ hv ghflu=

%& ' %f n &�c frq & 5 ]1 +4143;,

Vh ghqrplqd glihuhqfld �qlwd surjuhvlyd gh sulphu rughq gh s hq ho sxqwr
%&/ do ydoru=

{+& ' s E%& n ��� s E%&� ' s E%&n��� s E%&� � +4143<,

Vl dsolfdprv gh qxhyr ho plvpr surfhvr d od ixqflöq 4143< rewhqhprv od
glihuhqfld �qlwd surjuhvlyd gh vhjxqgr rughq gh s hq %&=

{2+& ' {E{+&� ' Es E%&n� n ��� s E%& n ���� Es E%&n��� s E%&�� ' +41443,

' s E%&n2�� s E%&n��� s E%&n��� s E%&� ' s E%&n2�� 2s E%&n��� s E%&� �

Uhlwhudqgr/ rewhqhprv od glihuhqfld �qlwd surjuhvlyd gh rughq ? � � sdud s
hq %&1 Hv ghflu/

{?+& ' {
�
{?3�+&

�
c ? � 2� +41444,

Sdud idflolwdu od qrwdflöq/ frqyhqlprv hq od glihuhqfld surjuhvlyd gh rughq
fhur gh + ' s E%� hq %& hv ho ydoru gh od ixqflöq hq %&1 Hq vðperorv= {f+& '
+&1

Hmhpsor 48 Vhd ho srolqrplr R E%� ' �%� � 2% n �1 Vhd od pdood gh sdvr
� ' � | sxqwr lqlfldo %f ' f=

%& ' f n � � & ' &c grqgh & 5 ] +41445,

Hq wdo fdvr/ od glihuhqfld �qlwd surjuhvlyd gh sulphu rughq gh R E%� hq %& hv

{R E%&� ' R E%& n ��� R E%&� ' R E& n ��� R E&� '

'
�
� E& n ��� � 2 E& n �� n �

�� �
�&� � 2& n �

�
' +41446,

' �
�
&� n �&2 n �& n �

�� 2& � 2 n �� �&� n 2& � � '

' �&� n b&2 n b& n �� 2& � 2 n �� �&� n 2& � � ' b&2 n b& n ��
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a bc

cuerda

tangente

Iljxud 41;= Xqd pdood gh sxqwrv vreuh od uhfwd uhdo1

Od glihuhqfld gh vhjxqgr rughq hv=

{2R E%&� ' {E{R E%&�� ' {R E%& n ���{R E%&� ' {R E%&n���{R E%&� '

'
�
b E& n ��2 n b E& n �� n �

�� �
b&2 n b& n �

�
' �H& n �H�+41447,

Od gh whufhu rughq=

{�R E%&� ' {
�
{2R E%&�

�
' {2R E%& n ���{R2 E%&� ' {2R E%&n���{2R E%&� '

' E�H E& n �� n �H�� E�H& n �H� ' �H� +41448,

Od gh fxduwr rughq=

{eR E%&� ' {
�
{�R E%&�

�
' {�R E%& n ���{R� E%&� ' {�R E%&n���{�R E%&� '

' �H� �H ' f� +41449,

Odv glihuhqfldv gh rughq 8/ 9/ :/ hwf1 vrq wrgdv qxodv1 Hvwd flufxqvwdqfld hv
yäolgd sdud wrgr srolqrplr hq ho vljxlhqwh vhqwlgr= xq srolqrplr gh judgr ?
wlhqh od glihuhqfld ?0ìvlpd frqvwdqwh1 Hq sduwlfxodu/ vl hv

R E%� ' @?%
? n @?3�%?3� n � � �n @�%n @f frq @? 9' fc +4144:,

vx glihuhqfld ?0ìvlpd gh sdvr � hv

{?R E%&� ' ?-@?�� +4144;,

| odv glihuhqfldv gh rughq pd|ru vrq qxodv1 Hq qxhvwur hmhpsor/ hv ? ' �c
@� ' � | � ' �1 Sru hoor/ {�R ' �- � � � � ' �H | {?R ' f/ sdud ? � e1

Od pd|ruðd gh odv rfdvlrqhv hv frqyhqlhqwh glvsrqhu orv fäofxorv gh glih0
uhqfldv �qlwdv hq irupd wdexodu1
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Hmhpsor 49 Sdud ho srolqrplr gho hmhpsor 48 | od pdood %& ' &/ vxsrqjd0
prv txh %f ' f hv ho sulphu sxqwr frqrflgr91 Hqwrqfhv xqd srvleoh wdeod
krul}rqwdo gh glihuhqfldv �qlwdv surjuhvlydv hv=

%& +& {+& {2+& {�+& {e+&
3 4 504@4 4<04@4; 6904;@4; 4;04;@3
4 5 5405@4< 8804<@69 87069@4;
5 54 :9054@88 43<088@87
6 :9 4;80:9@43<
7 4;8
Xqd srvleoh wdeod gldjrqdo gh glihuhqfldv �qlwdv hv=
%& +& {+& {2+& {�+& {e+&
3 4

504@4
4 5 4<04@4;

5405@4< 6904;@4;
5 54 8804<@69 4;04;@3

:9054@88 87069@4;
6 :9 43<088@87

4;80:9@43<
7 4;8

1

Odv glihuhqfldv �qlwdv wlhqhq pxfkdv surslhgdghv lqwhuhvdqwhv1 Hq sdu0
wlfxodu/

41 Sdud grv ixqflrqhv s E%� | } E%� gh�qlgdv vreuh od plvpd pdood/ vh wlhqh

{Es n }� E%&� ' {s E%&� n {} E%&� � +4144<,

51 Vl � hv xqd frqvwdqwh | s E%� xqd ixqflöq gh�qlgd vreuh xqd pdood/
hqwrqfhv=

{�s E%&� ' �{s E%&� � +41453,

61 Vhdq 6 | ? grv hqwhurv qr qhjdwlyrv | s E%� xqd ixqflöq gh�qlgd vreuh
xqd pdood1 Vh fxpsoh txh

{6 E{?s E%&�� ' {6n?s E%&� � +41454,

Srghprv hqwhqghu ho vðperor ghowd { frpr xq rshudgru/ dsolfdeoh vreuh
ixqflrqhv gh�qlgdv hq frqmxqwrv glvfuhwrv gh wlsr pdood1 Hq hvwh vhqwlgr/ odv
surslhgdghv 4 | 5 qrv glfhq txh glfkr rshudgru hv olqhdo1 Sru rwur odgr/ kd|

9Hq wrgd pdood kd| txh sduwlu gh dojýq sxqwr sdud srghu hvwdeohfhu odv glihuhqfldv1
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xqd uhodflöq hqwuh odv glihuhqfldv �qlwdv surjuhvlydv | odv glihuhqfldv glylglgdv1
Hvwd uhodflöq qrv vhuyluä sdud gdu xqd h{suhvlöq dowhuqdwlyd gh od iöupxod gh
lqwhusrodflöq gh Qhzwrq fxdqgr orv sxqwrv gh od wdeod hvwìq htxlhvsdfldgrv1

Whruhpd 8 +Glihuhqfldv �qlwdv | glylglgdv, Vhd %& ' %fn&� xqd pd0
ood gh sxqwr edvh %f | sdvr � : f1 Sdud wrgr ? � f vh yhul�fd txh

{?s E%&� ' ?-�?s d%&c %&n�c � � � c %&n?o � +41455,

Suxhed1 Od suxhed vh kdfh sru lqgxfflöq vreuh ? | vh ghmd do fxlgdgr gho
ohfwru1

Vhdq %fc %�c � � � c %? ? n � sxqwrv/ rughqdgrv gh phqru d pd|ru | htxlhv0
sdfldgrv xqd glvwdqfld � : f1 Uhfrughprv txh od iöupxod gh Qhzwrq sdud ho
srolqrplr gh lqwhusrodflöq gh xqd ixqflöq s E%� frq ydoru frqrflgr hq wdohv
sxqwrv hv=

R? E%� '
?[
�'f

#
s d%fc %�c � � � c %�o �

�3�\
�'f

E%� %��

$
c +41456,

frq ho frqyhqlr gh txh
T3�

�'f E%� %f� ' � | s d%fo ' s E%f�1 Xwlol}dqgr ho
whruhpd 8 srghprv rewhqhu odv glihuhqfldv glylglgdv d wudyìv gh odv glihuhqfldv
�qlwdv1 Hq hihfwr/ gh 41455 hv=

s d%&c %&n�c � � � c %&n?o '
{?s E%&�

?-�?
c +41457,

grqgh � : f/ ? � f | %& ' %f n &�1 Wrpdqgr ? ' � | & ' f/ whqhprv=

s d%fc %�c � � � c %�o '
{�s E%f�

�-��
c +41458,

h{suhvlöq txh sxhgh vxvwlwxluvh hq 41456/ uhvxowdqgr=

R? E%� '
?[
�'f

#
{�s E%f�

�-��
�
�3�\
�'f

E%� %��

$
� +41459,

Od iöupxod 41459 vh oodpd iöupxod gh Qhzwrq surjuhvlyd sdud ho srolqrplr
gh lqwhusrodflöq1

Hmhpsor 4: Vxsrqjdprv txh gh xqd ixqflöq srolqöplfd R G U �$ U wdq
vöor vh frqrfh txh R E�2� ' ��S/ R E��� ' �D/ R Ef� ' �2/ R E�� ' �� |
txh vx judgr hv phqru txh fxdwur1 Sureduhprv txh vöor h{lvwh xq srolqrplr
frq wdohv frqglflrqhv | or kdooduhprv phgldqwh lqwhusrodflöq1 Gh dfxhugr
frq ho whruhpd 4/ vöor h{lvwh xq srolqrplr gh judgr wuhv txh sdvd sru orv
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sxqwrv gdgrv1 Wdo srolqrplr gheh frlqflglu frq ho exvfdgr1 Dghpäv frpr
orv sxqwrv gdgrv hvwäq htxlhvsdfldgrv xqd glvwdqfld � ' �/ srghprv kdoodu
wdo srolqrplr xwlol}dqgr od iöupxod gh lqwhusrodflöq gh Qhzwrq surjuhvlyd1 D
wdo hihfwr/ frqvwuxlprv xqd wdeod gh glihuhqfldv �qlwdv=

%& +& {+& {2+& {�+&
05 049

080+049,@44
04 08 6044@0;

050+08,@6 050+0;,@9
3 05 406@05

040+05,@4
4 04
Orv ydoruhv txh vh hqfxhqwudq hq odv sulphudv �odv gh fdgd froxpqd +d

sduwlu gh od vhjxqgd, vrq orv fruuhvsrqglhqwhv d odv glihuhqfldv �qlwdv surjuh0
vlydv gh rughq ? ' fc �c 2c � hq %f1 Hvwrv ydoruhv vrq orv txh ghehprv hpsohdu
hq od iöupxod 414591 Dvð sxhv=

R� E%� '
�[

�'f

#
{�R E%f�

�-��
�
�3�\
�'f

E%� %��

$
'

{fR E%f�

f-�f
�
3�\
�'f

E%� %�� n

n
{�R E%f�

�-��
�

f\
�'f

E%� %�� n
{2R E%f�

2-�2
�

�\
�'f

E%� %�� n

n
{�R E%f�

�-��
�

2\
�'f

E%� %��

' R E%f� � � n {�R E%f� � E%� %f� n
{2R E%f�

2
� E%� %f� � E%� %�� n+4145:,

{�R E%f�

S
� E%� %f� � E%� %�� � E%� %2�

' ��S n �� � E%� E�2��� H

2
� E%� E�2�� � E%� E���� n

n
S

S
� E%� E�2�� � E%� E���� � E%� f�

' ��S n �� E%n 2�� e E%n 2� E%n �� n E%n 2� E%n ��% '

' �2 n %� %2 n %��
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Iljxud 41<= Sduwh gh od juä�fd gho srolqrplr gho hmhpsor 4:1



Fdsðwxor 5

Iöupxod gh Wd|oru

514 Whruhpdv gh Urooh | gho ydoru phglr
Od pd|ruðd gh orv whruhpdv vreuh ghulydelolgdg gh ixqflrqhv uhdohv gh yduldeoh
uhdo h{ljhq hq vxv klsöwhvlv od frqwlqxlgdg hq frpsdfwrv gho wlsr d@c Ko | od
glihuhqfldelolgdg hq ho lqwhulru E@c K� gh glfkrv frpsdfwrv1 Xq sdu gh hvwrv
whruhpdv gh judq lpsruwdqfld suäfwlfd/ ixqgdphqwdohv d od krud gh ghgxflu
ho whruhpd gh Wd|oru/ vrq orv oodpdgrv whruhpd gh Urooh | whruhpd gho ydoru
phglr +r gh Fdxfk|,1

Whruhpd 9 +Urooh, Vl xqd ixqflöq s E%� uhdo gh yduldeoh uhdo hv frqwlqxd
hq d@c Ko | ghulydeoh hq E@c K� | wrpd hq orv h{wuhprv ydoruhv ljxdohv= s E@� '
s EK�/ h{lvwh do phqrv xq sxqwr S 5 E@c K� wdo txh s � ES� ' f�

Suxhed1 Frpr od ixqflöq s vh vxsrqh frqwlqxd hq xq frpsdfwr d@c Ko/ whqguä
xq pä{lpr | xq pðqlpr devroxwrv hq glfkr frpsdfwr +hvwr hv frqvhfxhqfld
gho whruhpd gh Zhlhuvwudvv,1 Vl dperv h{wuhprv vh dofdq}dq hq @ | K/ od
klsöwhvlv s E@� ' s EK� qrv oohyd d frqfoxlu txh od ixqflöq hv frqvwdqwh/ sxhv
vx pä{lpr | vx pðqlpr frlqflghq |/ hq frqvhfxhqfld s � E%� ' f sdud wrgr %1
Vl dojxqr gh orv h{wuhprv orv dofdq}d hq xq sxqwr S lqwhulru/ od ghulydgd vh
dqxod hq ìo1 Hvwr whuplqd qxhvwud ghprvwudflöq1

Jhrpìwulfdphqwh/ ho whruhpd gh Urooh h{suhvd txh hq ho dufr gh xqd fxuyd
xqliruph frq wdqjhqwh hq wrgrv vxv sxqwrv | h{wuhprv d xqd plvpd �dowxud�/
kd| xq sxqwr fx|d wdqjhqwh hv sdudohod do hmh %1

Whruhpd : +Ydoru phglr, Vl xqd ixqflöq s E%� uhdo gh yduldeoh uhdo hv
frqwlqxd hq d@c Ko | ghulydeoh hq E@c K�1 Hqwrqfhv h{lvwh do phqrv xq sxqwr
S 5 E@c K� wdo txh=

s � ES� '
s EK�� s E@�

K� @
� +514,

68
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a bc

Iljxud 514= Od wdqjhqwh hv krul}rqwdo hq xq sxqwr gh od fxuyd1

Suxhed1 Od suxhed gh hvwh whruhpd vh edvd hq ho whruhpd gh Urooh | vh ghmd
d fdujr gho ohfwru1

Hv ghflu/ h{lvwh xq sxqwr S hq ho lqwhulru gho frpsdfwr d@c Ko sdud ho txh
od ghulydgd frlqflgh frq ho frflhqwh lqfuhphqwdo phglr1 Jhrpìwulfdphqwh
vljql�fd txh hq wrgr dufr gh fxuyd xqliruph frq wdqjhqwh hq wrgrv vxv sxqwrv/
kd| xq sxqwr do phqrv frq wdqjhqwh sdudohod d od fxhugd

Iljxud 515= Loxvwudflöq gho whruhpd gho ydoru phglr1 Od fxuyd glexmdgd wlhqh
wdqjhqwh hq wrgrv vxv sxqwrv1

Hmhpsor 4; Od ixqflöq s E%� ' %2 � 2% hv ghulydeoh frq frqwlqxlgdg hq
wrgd od uhfwd uhdo1 Dvð sxhv/ srghprv d�updu txh hv frqwlqxd hq ho lqwhuydor
dfc �o | ghulydeoh hq Efc �� | srghprv dsolfduoh ho whruhpd gho ydoru phglr1
H{lvwh/ do phqrv/ xq ydoru f 	 S 	 � txh hv vroxflöq gh od hfxdflöq=

s � ES� '
s E��� s Ef�

�� f
� +515,

Frpr s � E%� ' 2%� 2/ s E�� ' �� | s Ef� ' f/ od hfxdflöq 515 txhgd=

2S� 2 ' ��c +516,
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fx|d vroxflöq hv ýqlfd=

S '
�

2
� +517,

Xwlol}dqgr 514 srghprv h{suhvdu ho ydoru gh od ixqflöq s hq K frpr=

s EK� ' s E@� n EK� @� s � ES� � +518,

Vl frqvlghudprv txh s hv ghulydeoh hq xq delhuwr � � U/ hqwrqfhv sdud
fxdotxlhu sxqwr @ lqwhulru d glfkr delhuwr | sdud � 5 U/ wdo txh @ n �
wdpelìq shuwhqhfh d glfkr lqwhuydor/ vh frqvljxh xq frpsdfwr d@c @ n �o grqgh
hv dsolfdeoh ho whruhpd gho ydoru phglr1 Sru hoor/ h{lvwluä xq sxqwr S 5
E@c @n �� sdud ho txh hv flhuwd od hfxdflöq=

s � ES� '
s E@n ��� s E@�

�
� +519,

Hvwr vljql�fd txh ho ydoru gh s hq @ n � hv=

s E@n �� ' s E@� n �s � ES� � +51:,

Vl kdfhprv ho fdpelr gh yduldeoh

% ' @n �c +51;,

od hfxdflöq 51: txhgd

s E%� ' s E@� n E%� @� s � ES� � +51<,

Hvwd ýowlpd ljxdogdg qrv lqglfd txh s sxhgh srqhuvh frpr vxpd gho ydoru
gh od ixqflöq hq xq sxqwr | xq wìuplqr frpsohphqwdulr1

Hmhpsor 4< Od ixqflöq s E%� ' *? E� n %� hv ghulydeoh hq ho delhuwr � '
E��cn4�1 Vl wrpdprv @ ' f | % ' @ n � 5 �/ srghprv dsolfdu 51<=

*? E� n %� ' *? E� n f� n E%� f�
�

S
' *? � n %

�

S
' %

�

S
c +5143,

grqgh 1 shuwhqhfh do lqwhuydor delhuwr gh�qlgr sru f | %1 Sdud % ' 2/ whqhprv

*? � ' 2
�

S
c frq f 	 S 	 21 +5144,

Od iöupxod gh Wd|oru hv xqd jhqhudol}dflöq gh 51<1
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ahax +=

h

( )haf +

( )af

ξ

Iljxud 516= Ho ydoru s E@n �� vh sxhgh rewhqhu xwlol}dqgr ho ydoru gh s E@� |
ho gh od ghulydgd gh s hq xq sxqwr lqwhuphglr1

515 Ho whruhpd gh Wd|oru

51514 Ho whruhpd gh Wd|oru

Whruhpd ; Vhd s xqd ixqflöq uhdo gh yduldeoh uhdo ghulydeoh kdvwd ho rughq
? hq d@c Ko/ wdo txh s E?n�� E%� h{lvwh hq E@c K�1 Hqwrqfhv vh sxhgh h{suhvdu s EK�
hq irupd gh xq srolqrplr gh judgr ? hq EK� @� päv xq wìuplqr frpsohphq0
wdulr1 D vdehu=

s EK� ' s E@� n
EK� @�

�-
s � E@� n

EK� @�2

2-
s �� E@� n � � �n

EK� @�?

?-
s E?� E@� n+5145,

n
EK� @�?n�

E?n ��-
s E?n�� ES� c

grqgh @ 	 S 	 K1

Suxhed1 Frqvlghuhprv od ixqflöq � gh�qlgd hq d@c Ko phgldqwh

� E%� ' s EK��
#

?[
&'f

EK� %�&

&-
s E&� E%�

$
� b

EK� %�?n�

E?n ��-
c +5146,

grqgh b hv xq qýphur uhdo d ghwhuplqdu1 Hv fodur txh hvwd ixqflöq hvwä elhq
gh�qlgd/ sxhvwr txh wrgrv vxv wìuplqrv h{lvwhq1 Frpr � EK� ' f/ ydprv d
ghwhuplqdu b frq od frqglflöq gh txh � E@� ' f1 Hvwr hv/

s EK��
#

?[
&'f

EK� @�&

&-
s E&� E@�

$
� b

EK� @�?n�

E?n ��-
' fc +5147,
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txhgdqgr=

b '
E?n ��-

EK� @�?n�

#
s EK��

#
?[

&'f

EK� @�&

&-
s E&� E@�

$$
� +5148,

Od ixqflöq � E%� hv frqwlqxd hq d@c Ko | ghulydeoh hq E@c K� +hvwr hv frqvhfxhqfld
gluhfwd gh odv klsöwhvlv gho whruhpd vreuh s E%�,1 Dghpäv/ sdud ho ydoru gh
b kdoodgr hq 5148 fxpsoh � E@� ' � EK�1 Gh hvwd irupd/ srghprv dsolfduoh ho
whruhpd gh Urooh | h{lvwh xq sxqwr S 5 E@c K� sdud ho txh �� ES� ' f1 Frpr

�� E%� '

#
?[

&'�

EK� %�&3�

E& � ��-
s E&� E%��

?[
&'f

EK� %�&3�

&-
s E&n�� E%�

$
n b

EK� %�?

?-
�

+5149,
Vlpsol�fdqgr orv vxpdwrulrv/ uhvxowd

�� E%� '
EK� %�?

?-

�
b� s E?n�� E%�

�
� +514:,

Ilqdophqwh/ gh od frqglflöq �� ES� ' f vh ghgxfh txh=

�� ES� '
EK� S�?

?-

�
b� s E?n�� ES�

�
' fc +514;,

| frpr @ 	 S 	 K/ vh wlhqh=

b� s E?n�� ES� ' f� +514<,

Hvwr lpsolfd txh b ' s E?n�� ES� |/ hq frqvhfxhqfld/ vxvwlwx|hqgr hq 5148 vh
oohjd d=

s E?n�� ES� '
E?n ��-

EK� @�?n�

#
s EK��

#
?[

&'f

EK� @�&

&-
s E&� E@�

$$
, +5153,

, s EK��
#

?[
&'f

EK� @�&

&-
s E&� E@�

$
'

EK� @�?n�

E?n ��-
s E?n�� ES� ,

, s EK� '

#
?[

&'f

EK� @�&

&-
s E&� E@�

$
n

EK� @�?n�

E?n ��-
s E?n�� ES� �

Ho whruhpd txhgd dvð suredgr1
Ho srolqrplr

�S?

&'f
EK3@�&

&-
s E&� E@�

�
vh ghqrplqd srolqrplr gh Wd|oru gh

rughq ? hq ho sxqwr % ' @ +yhu od vhfflöq 41516, | ho vxpdqgr EK3@�?n�
E?n��-

s E?n�� ES�
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hv ho oodpdgr uhvwr gh Wd|oru | qrv lqglfd ho �huuru� frphwlgr do vxsodqwdu od
ixqflöq sru ho srolqrplr gh Wd|oru1 Kdflhqgr K ' @ n �/ BB txhgd=

s E@n �� ' s E@� n
�

�-
s � E@� n

�2

2-
s �� E@� n � � �n

�?

?-
s E?� E@� n

�?n�

E? n ��-
s E?n�� ES�

+5154,
Od iöupxod 5154 frq @ ' f uhfleh ho qrpeuh gh iöupxod gh Pdf0Odxulq1

Hmhpsor 53 Vhd s E%� ' e% | vxsrqjdprv txh txhuhprv dsur{lpdu wdo ixq0
flöq frq xq srolqrplr gh vhjxqgr judgr1 Frpr s E%� hv lqgh�qlgdphqwh gh0
ulydeoh frq frqwlqxlgdg hq wrgd od uhfwd uhdo/ srghprv hohjlu xq sdu gh sxqwrv
@c %/ gh irupd txh vh sxhgd dsolfdu ho whruhpd gh Wd|oru hq ho lqwhuydor fh0
uudgr txh gh�qhq1 Sru vhqflooh}/ wrpduhprv @ ' f | hqwrqfhv rewhqhprv od
iöupxod gh Pdf0Odxulq=

s E%� ' s Ef� n
E%� f�

�-
s � Ef� n

E%� f�2

2-
s �� Ef� n

E%� f��

�-
s ��� ES� c +5155,

vlhqgr S xq sxqwr hqwuh f | %1 Frpr Ee%�E?� ' e% sdud wrgr ? � �/ uhvxowd=

e% ' � n %n
%2

2
n

%�

�
eS� +5156,

Rewhqhprv dvð xq ydoru dsur{lpdgr gh e% frq % : f=

� n %n
%2

2
c +5157,

frq huuru=
%�

�
eS� +5158,

Hq od iöupxod gh Wd|oru

s EK� '

#
?[

&'f

EK� @�&

&-
s E&� E@�

$
n

EK� @�?n�

E?n ��-
s E?n�� ES� c +5159,

ho huuru

. EKc S� '
EK� @�?n�

E? n ��-
s E?n�� ES� +515:,

hv xq lq�qlwìvlpr fxdqgr K wlhqgh d @ +hvwr hv/ vx oðplwh hv fhur,1 Hv päv/ vh
wudwd gh xq lq�qlwìvlpr gh rughq lqihulru4 d EK� @�? |d txh

. EKc S�

EK� @�?
'

EK� @�

E? n ��-
s E?n�� ES� / +515;,

4Hvwr txlhuh ghflu txh yd d fhur �päv ghsulvd�1
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Iljxud 517= Ho srolqrplr gh Wd|oru gh rughq 6 gh od ixqflöq gho hmhpsor 531

| frpr @ 	 S 	 K/ hv fodur txh vl K $ @/ hqwrqfhv S $ @ | ho wìuplqr gh od
ghuhfkd gh od ljxdogdg hv qxor1 Sdud lqglfdu txh xq lq�qlwìvlpr k E%� hv gh
rughq lqihulru d rwur q E%� vh hvfuleh

k E%� ' J Eq E%�� c +515<,

| vh glfh txh k E%� hv �r plqývfxod� uhvshfwr q E%�1 Od qrwdflöq 515< shuplwh
hvfulelu od iöupxod gh Wd|oru frpr=

s EK� '

#
?[

&'f

EK� @�&

&-
s E&� E@�

$
n J EEK� @�?� � +5163,

51515 Ghvduuroorv olplwdgrv

Do dsolfdu ho whruhpd gh Wd|oru vreuh hqwruqrv gh sxqwrv rewhqhprv orv
oodpdgrv ghvduuroorv olplwdgrv1

Gh�qlflöq 8 +Ghvduuroor olplwdgr, Vhd s xqd ixqflöq uhdo gh yduldeoh
uhdo | vhd @ xq sxqwr gh vx grplqlr1 Vxsrqjdprv txh sdud flhuwr 0 : f/ od
ixqflöq s hv ghulydeoh kdvwd ho rughq ? hq ho hqwruqr fhuudgr d@� 0c @ n 0o |
h{lvwh s E?n�� E%� hq ho hqwruqr delhuwr E@� 0c @n 0�1 Od h{suhvlöq#

?[
&'f

E%� @�&

&-
s E&� E@�

$
n

E%� @�?n�

E? n ��-
s E?n�� ES� c +5164,
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frq % 5 E@� 0c @n 0� | S xq sxqwr lqwhuphglr hqwuh @ | %/ vh oodpd ghvduuroor
olplwdgr gh rughq ? gh s xq hqwruqr gho sxqwr @1 Xwlol}dqgr od qrwdflöq �r
plqývfxod� sxhgh srqhuvh frpr#

?[
&'f

E%� @�&

&-
s E&� E@�

$
n J EE%� @�?� � +5165,

Ho ghvduuroor olplwdgr qr hv päv txh od iöupxod gh Wd|oru dsolfdgd hq ho
lqwhuydor d@� 0c @n 0o1 Hq hihfwr/ 5164 uhvxowd gh BB kdflhqgr K ' %1

Hmhpsor 54 Ydprv d rewhqhu ho ghvduuroor olplwdgr gh rughq 7 gh s E%� '
ULt% hq xq hqwruqr gho sxqwr % ' Z

2
1 Hylghqwhphqwh/ s hv ghulydeoh frq

frqwlqxlgdg kdvwd ho rughq txh txhudprv hq wrgd od uhfwd uhdo1 Sru hoor/
wrpdqgr fxdotxlhu 0 : f/ uhvxowd txh s E%� ' ULt% hv ghulydeoh kdvwd ho rughq
? ' � hq

�
Z
2
� 0c Z

2
n 0

�
| h{lvwh od ghulydgd gh rughq fxdwur hq

�
Z
2
� 0c Z

2
n 0

�
1

Ho ghvduuroor shglgr hv=#
�[

&'f

�
%� Z

2

�&
&-

s E&�
�Z
2

�$
n

�
%� Z

2

�e
e-

s E?n�� ES� c +5166,

grqgh S hv xq sxqwr lqwhuphglr hqwuh Z
2
| %1 Frpr

s � E%� ' � ti?%c s �� E%� ' � ULt%c s ��� E%� ' ti? %c s EUT � E%� ' ULt% +5167,

rewhqhprv=

ULt
�Z
2

�
�
�
%� Z

2

�
ti?

�Z
2

�
�

�
%� Z

2

�2
2

ULt
�Z
2

�
n

�
%� Z

2
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S

ti?
�Z
2

�
n

n

�
%� Z

2

�e
2e

ULt ES� � +5168,

Vxvwlwx|hqgr sru vxv ydoruhv qxpìulfrv= � �
%� Z

2

�
n
E%3Z

2 �
�

S
n
E%3Z

2 �
e

2e
ULt ES� �

Ho wìuplqr �qdo gho ghvduuroor olplwdgr qrv lqglfd ho huuru1 Hq hvwh fdvr/ ho
huuru hv ljxdo d �

%� Z
2

�e
2e

ULt ES� c +5169,

ydoru txh ghshqgh gh % | gho sxqwr lqwhuphglr S1 Xwlol}dqgr od qrwdflöq �r
plqývfxod� srghprv hvfulelu=
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%� Z
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�
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Odv ixqflrqhv lqgh�qlgdphqwh ghulydeohv frpr odv gho hmhpsor 54 wlhqhq
od shfxoldulgdg gh txh vx �huuru� sxhgh uhgxfluvh wdqwr frpr vh ghvhh1 Hq
hihfwr/ sdud frqvhjxlu phmruhv dsur{lpdflrqhv phgldqwh od iöupxod gh Wd|oru/
edvwduä wrpdu xq rughq pd|ru gh ghulydflöq |d txh hqwrqfhv ho huuru/ do vhu
xq lq�qlwìvlpr gh rughq vxshulru d E%� @�? vh kdfh fdgd yh} phqru1 D
frqwlqxdflöq gdprv xqd wdeod frq orv ghvduuroorv olplwdgrv hq xq hqwruqr gh
fhur gh odv sulqflsdohv ixqflrqhv hohphqwdohv1

e% ' � n
%

�-
n

%2

2-
n � � �n

%?

?-
n J E%?� c % 5 U +516:,

e3% ' �� %

�-
n

%2

2-
n � � �n E���?

%?

?-
n J E%?� c % 5 Uc +516;,
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*? @
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E*? @�2
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E*? @�?

?-
%? n J E%?� c @ : fc % 5 Uc +516<,

ti? % ' %� %�
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n

%D

D-
n � � �n E���2?n� %2?n�

E2?n ��-
n J
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�
c % 5 Uc +5173,

ULt% ' �� %2
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n

%e

e-
n � � �n E���2?

%2?

E2?�-
n f

�
%2?n�

�
c % 5 Uc +5174,

|@? % ' %n
%�

�
n

2%D

�D
nc % 5 Uc +5175,

�

�� %
' � n %n %2 n %� n � � �n %? n J E%?� c % 5 Uc % 9' �c +5176,

*? E� n %� ' %� %2

2-
n

%�

�-
n � � �n E���?

%?

?-
n f E%?� c % : ��� +5177,

Orv ghvduuroorv olplwdgrv dgplwhq flhuwdv rshudflrqhv vhqfloodv1 Dvð/ sr0
ghprv frpelqduorv phgldqwh vxpdv/ glihuhqfldv/ surgxfwrv | frflhqwhv1 Wdp0
elìq wlhqhq flhuwd xwlolgdg hq ho fäofxor gh oðplwhv h lqwhjudohv1

Hmhpsor 55 Ydprv d fdofxodu ho oðplwh

*�4
%<f

*? E� n %�� %

�� ULt
�
%
2

� +5178,

xwlol}dqgr ghvduuroorv olplwdgrv1 Sdud idflolwdu qxhvwur wudedmr vöor wrpduh0
prv kdvwd ho rughq 6=
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Vxvwlwxlprv hq 5178 | txhgd=
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Revìuyhvh txh do pxowlsolfdu %2 sru xqd ixqflöq gho wlsr J E%�� rewhqhprv xq
lq�qlwìvlpr gho wlsr J E%�1



Fdsðwxor 6

Uhvroxflöq dsur{lpdgd gh
hfxdflrqhv

614 Lqwurgxfflöq
Hq pxfkdv rfdvlrqhv/ qrv hqfrqwudprv frq hfxdflrqhv dojheudlfdv r wudvfhq0
ghqwhv uhodwlydphqwh frpsolfdgdv txh qr shuplwhq xqd vroxflöq h{dfwd/ elhq
srutxh qr h{lvwh iöupxod dghfxdgd sdud hoor/ elhq srutxh qr hv frqyhqlhqwh od
dsolfdflöq gh wdo iöupxod1 Hq wdo flufxqvwdqfld khprv gh uhfxuulu d pìwrgrv
dsur{lpdgrv1

Hmhpsor 56 Vhd od hfxdflöq

%� � 2%2 n %� � ' f� +614,

Vl wxylhud xqd udð} hqwhud/ ìvwd hv glylvru gho wìuplqr lqghshqglhqwh1 Hv ghflu/
�� r �1 Suredprv frq hvwrv qýphurv shur qlqjxqr hv udð}1 Frqfoxlprv txh
odv udðfhv qr vrq hqwhudv1 H{lvwh xqd iöupxod sdud odv hfxdflrqhv gh whufhu
judgr +oodpdgd iöupxod gh Fdugdqr0Ylëwd,/ shur vöor hv dsolfdeoh fxdqgr
wdohv hfxdflrqhv wlhqhq od irupd %�nR%n^ ' f1 Ghehprv/ sxhv/ wudqvirupdu
614 phgldqwh xq fdpelr gh yduldeoh1 Hq jhqhudo/ vl od hfxdflöq gh whufhu judgr
hv gh od irupd %� n @%2 n K%n S ' f/ ho fdpelr gh yduldeoh shuwlqhqwh hv=

% ' �� @
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� +615,

Hq qxhvwur fdvr/
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Wudv odv vlpsol�fdflrqhv gh uljru/ rewhqhprv

�� � �

�
�� 2D

2.
' f� +618,

Od iöupxod gh Fdugdqr0Ylëwd sdud od hfxdflöq %� n R%n ^ hv=
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c +619,

grqgh khprv gh frpelqdu ydoruhv frpsohmrv hq orv udglfdqgrv sdud rewhqhu
vroxflrqhv1 Dsolfdqgr 619 d 618 whqhprv=
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� +61:,

Od h{suhvlöq 61: kd gh vlpsol�fduvh wudedmdqgr frq ydoruhv frpsohmrv1 Hvwr
qrv lpsxovd d exvfdu sru rwurv pìwrgrv odv udðfhv1 Wdohv pìwrgrv qr vhuäq
h{dfwrv shur sxhghq gdu xq judgr ud}rqdeoh gh huuru1

Hmhpsor 57 Vhd od hfxdflöq

%e � |@?D % ' ULt2 %� +61;,

Ho ohfwru frlqflgluä hq txh vh wudwd gh xqd h{suhvlöq flhuwdphqwh gliðflo1 Dtxð
qrv yhprv reoljdgrv d hqvd|du xqd vroxflöq dsur{lpdgd1

Vhd od hfxdflöq
s E%� ' fc +61<,

grqgh od ixqflöq s hvwä gh�qlgd | hv frqwlqxd hq flhuwr lqwhuydor E@c K�> hq
dojxqrv fdvrv/ h{ljluhprv txh vhd ghulydeoh kdvwd xq ghwhuplqdgr rughq1 Od
vljxlhqwh gh�qlflöq hv gh judq lpsruwdqfld suäfwlfd1

Gh�qlflöq 9 +Udlfhv vhsdudgdv, Xqd hfxdflöq gh od irupd s E%� ' f wlh0
qh udðfhv vhsdudgdv vl sdud fdgd xqd gh vxv udðfhv h{lvwh xq hqwruqr txh qr
frqwlhqh rwudv udðfhv gh od hfxdflöq1 Hvwr hv/ vl 1 fxpsoh s E1� ' f/ hqwrqfhv
h{lvwh 0 : f/ wdo txh hq ho lqwhuydor delhuwr E1 � 0c 1 n 0� qr kd| päv udðfhv1

Hmhpsor 58 Xqd hfxdflöq srolqöplfd

@?%
? n @?3�%?3� n � � �n @�%n @f ' f +6143,
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wlhqh udðfhv vhsdudgdv1 Hq hihfwr/ gh dfxhugr frq ho whruhpd ixqgdphqwdo
gho äojheud/ wrgd hfxdflöq gh judgr ? frq frh�flhqwhv frpsohmrv wlhqh h{dfwd0
phqwh ? udðfhv frpsohmdv +dojxqdv gh odv fxdohv sxhgh hvwdu uhshwlgdv,1 Hvwh
qýphur �qlwr gh udðfhv do �glvsrqhuvh� vreuh od uhfwd uhdo or kdq gh kdfhu
qhfhvduldphqwh gh irupd vhsdudgd +hvwr vh ghgxfh wrsroöjlfdphqwh shur ho
ohfwru sxhgh frpsuhqghu hvwh khfkr gh irupd lqwxlwlyd,1

D sduwlu gh dkrud/ vxsrqhprv txh odv hfxdflrqhv 61< wlhqhq udðfhv vhsd0
udgdv1 Ho fäofxor dsur{lpdgr gh wdohv udðfhv wlhqh grv hwdsdv=

41 vhsdudflöq gh udðfhv/ hvwr hv/ hvwdeohfhprv orv lqwhuydorv dkc qo päv sh0
txhôrv srvleohv txh frqwhqjdq xqd | vrodphqwh xqd udð} gh 61<>

51 phmrud gh orv ydoruhv dsur{lpdgrv/ hv ghflu/ vx pdqlsxodflöq kdvwd
frqvhjxlu ho judgr uhtxhulgr gh h{dfwlwxg1

Fdgd xqd gh hvwdv hwdsdv qhfhvlwd gh flhuwdv khuudplhqwdv pdwhpäwlfdv
txh luhprv h{srqlhqgr d or odujr gh orv säuudirv vljxlhqwhv1

615 Vhsdudflöq gh udðfhv

61514 Xelfdflöq lqlfldo

Dvxplhqgr txh od hfxdflöq 61< wlhqh udðfhv vhsdudgdv/ srghprv xelfduodv hq
lqwhuydorv kdflhqgr xvr gho whruhpd gh Ero}dqr1

Whruhpd < +Ero}dqr, Vhd s xqd ixqflöq frqwlqxd hq ho lqwhuydor d@c Ko1 Vl
hv s E@� s EK� 	 f/ hqwrqfhv h{lvwh do phqrv xq sxqwr 1 txh fxpsoh s E1� ' f1

a b

Iljxud 614= Loxvwudflöq gho whruhpd gh Ero}dqr1 Revìuyhvh txh od ixqflöq qr
hv ghulydeoh hq xq sdu gh sxqwrv1
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Hmhpsor 59 Vhd od hfxdflöq gho hmhpsor 56= %� � 2%2 n % � � ' f1 Re0
vhuydprv txh od ixqflöq s E%� ' %� � 2%2 n % � � hv srolqöplfd sru or txh
whqguä udðfhv vhsdudgdv1 Hylghqwhphqwh/ s hv frqwlqxd hq wrgd od uhfwd uhdo1
Ilqdophqwh/ frpr s Ef� ' �� | s E2� ' �/ dsolfdqgr ho whruhpd gh Ero}dqr
vh wlhqh txh h{lvwh do phqrv xqd udð} hq ho lqwhuydor Efc 2�1 Shur/ Ákdeuä
dojxqd rwud hq glfkr lqwhuydorB

61515 Uh�qdplhqwr

Od suhjxqwd txh ghmdprv shqglhqwh hq ho hmhpsor dqwhulru sxhgh frqwhvwduvh
frq surslhgdg hq dojxqrv fdvrv1

Whruhpd 43 Vxsrqjdprv txh od ixqflöq s hv ghulydeoh frq frqwlqxlgdg hq
ho lqwhuydor E@c K� | txh s E@� s EK� 	 f1 Vl ho vljqr gh s � shupdqhfh frqvwdqwh
hq E@c K�/ hqwrqfhv h{lvwh xqd ýqlfd vroxflöq gh s E%� ' f hq glfkr lqwhuydor1

Suxhed1 Frpr s hv ghulydeoh hq E@c K� wdpelìq hv frqwlqxd | srghprv
dsolfdu ho whruhpd gh Ero}dqr1 Hvwr qrv dvhjxud txh h{lvwh do phqrv xqd udð}
hq E@c K�1 Sru rwur odgr/ od frqwlqxlgdg gh s � | vx frqvwdqfld gh vljqr qrv
lqglfdq txh od ixqflöq hv hvwulfwdphqwh fuhflhqwh r hvwulfwdphqwh ghfuhflhqwh
hq E@c K�1 Gh hvwd pdqhud/ vl od juä�fd gh s fruwd ho hmh gh devflvdv +hv ghflu/
vl s wlhqh udð}, or kdfh xqd vöod yh}1

Hmhpsor 5: Uhwrpdprv od ixqflöq s E%� ' %� � 2%2 n %� �1 Vx ghulydgd
hv=

s � E%� ' �%2 � e%n �� +6144,

Vdehprv sru ho hmhpsor 59 txh s wlhqh xqd udð} hq ho lqwhuydor Efc 2�1 Od
ghulydgd hv wdpelìq frqwlqxd | vh dqxod sdud

% '
�

�
c % ' � +6145,

Hvwr qrv shuplwh hvwxgldu vx vljqr hq orv lqwhuydorv gholplwdgrv sru hvwh sdu
gh qýphurv= ��4c �

�

� �
�
�
c �
�

E�cn4�
s � : f s � 	 f s � : f

Revhuydprv txh ho vljqr qr vh pdqwlhqh frqvwdqwh hq ho lqwhuydor Efc ��1
Dkrud elhq/ vl hohjlprv ho lqwhuydor E�c 2�/ whqhprv txh s E�� s E2� 	 f | od
ghulydgd wlhqh vljqr frqvwdqwh hq wdo lqwhuydor1 Hvwr qrv jdudqwl}d txh h{lvwh
xqd ýqlfd udð} hqwuh � | 21 Shur/ Áh{lvwh dojxqd rwud udð} hq rwur lqwhuydorB
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61516 Phwrgrorjðd jhqhudo

Ydprv d gdu xq pìwrgr jhqhudo gh vhsdudflöq gh odv udðfhv gh xqd ixqflöq
frqwlqxd txh wlhqh xqd hvshfldo uhohydqfld sdud odv hfxdflrqhv srolqöplfdv1
Hvwh pìwrgr frqvwd gh orv vljxlhqwhv sdvrv=

41 hvwdeohfhprv orv vljqrv gh s hq orv h{wuhprv gh vx grplqlr1 Vl wdo
grplqlr hv xq lqwhuydor lolplwdgr/ hqwrqfhv wrpdprv oðplwhv odwhudohv
vhjýq surfhgd>

51 hohjlprv xqd frohfflöq �qlwd k� 	 k2 	c � � � 	 k& gh sxqwrv gho grplqlr
gh s | hydoxdprv ho vljqr gh s hq wdohv sxqwrv>

61 vl uhvxowd txh s Ek&� s Ek&n�� 	 f/ pdufdprv ho lqwhuydor Ek&c k&n��=

71 glylglprv ho lqwhuydor pdufdgr Ek&c k&n�� sru od plwdg | hydoxdprv gh
qxhyr ho vljqr gh s hq orv vxelqwhuydorv rewhqlgrv>

81 yroyhprv do sdvr 61

Hv fodur txh hvwh dojrulwpr qr wlhqh �flhuuh�1 Hq hihfwr/ srghprv hqfrq0
wuduqrv phwlgrv hq xq exfoh do sdvdu gh 6 d 71 Hq od suäfwlfd/ od lqirupdflöq
dglflrqdo txh vh qrv gd vreuh s shuplwh reyldu hvwd gl�fxowdg +sru hmhpsor/
vl vdehprv txh s hv xqd ixqflöq srolqöplfd,1 Dvð/ vl s � hv frqwlqxd hq ho
grplqlr gh s | srghprv fdofxodu iäflophqwh odv vroxflrqhv gh

s � E%� ' fc +6146,

edvwduä wrpdu orv vljqrv gh s hq orv sxqwrv h{wuhprv | hq odv vroxflrqhv gh
61461

Hmhpsor 5; Dsolfdprv hvwd phwrgrorjðd d od hfxdflöq %��2%2n%�� ' f1
Vx ghulydgd |d od khprv fdofxodgr hq ho hmhpsor 5: | hv=

s � E%� ' �%2 � e%n � +6147,

frq udðfhv % ' �c �
�
/ txh glylghq d od uhfwd uhdo hq orv lqwhuydorv

��4c �
�

�
c
�
�
�
c �
�
c E�cn4�1

Hvwxgldprv ho vljqr gh od ixqflöq hq orv h{wuhprv gh hvwrv lqwhuydorv=
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s E�� ' �� � 2 � �2 n �� � ' �� 	 fc +614:,

*�4
%<n"

s E%� ' *�4
%<n"

%� � 2%2 n %� � ' n4 : f� +614;,

Hvwr qrv lqglfd txh vöor kd| xqd udð} uhdo hq ho lqwhuydor E�cn4�1 Hq sdu0
wlfxodu/ wdo udð} vh kdood hq ho lqwhuydor E�c 2� +frpr ylprv hq ho hmhpsor 5:,1
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Iljxud 615= Sduwh gh od juä�fd gh od ixqflöq s E%� ' %� � 2%2 n %� �1

616 Sulphurv pìwrgrv gh uhvroxflöq

61614 Pìwrgrv juä�frv

Vhd od hfxdflöq s E%� ' f1 Vl frqrfhprv od uhsuhvhqwdflöq juä�fd gh od ixq0
flöq s E%�/ srghprv rewhqhu gh pdqhud dsur{lpdgd odv udðfhv gh wdo hfxdflöq
revhuydqgr orv sxqwrv gh fruwh gh od juä�fd gh s frq ho hmh gh devflvdv1 Hq
pxfkdv rfdvlrqhv/ od uhsuhvhqwdflöq gh s hv gliðflo sru or txh ho pìwrgr hv
lpsudfwlfdeoh1 Xqd vdolgd txh vh dsolfd hq hvwrv fdvrv hv rewhqhu xqd irupd
htxlydohqwh gh s E%� ' f frpr ljxdogdg gh grv ixqflrqhv gh iäflo uhsuhvhqwd0
flöq=

s E%� ' f / � E%� ' � E%� � +614<,

Odv udðfhv gh od hfxdflöq vrq dkrud orv sxqwrv gh fruwh hqwuh odv juä�fdv gh
� E%� | � E%�1
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Hmhpsor 5< Vhd od hfxdflöq %��2%2n%�� ' f1 Vx uhsuhvhqwdflöq juä�fd
vh pxhvwud hq od �jxud 615 | qrv lqglfd od srvlflöq gh vx ýqlfd udð} uhdo
hqwuh � | 21 Vl qr txhuhprv r qr srghprv uhsuhvhqwdu wdo ixqflöq/ hv idfwleoh
hvfulelu od hfxdflöq hq od irupd

%� ' 2%2 � %n �� +6153,

Gh hvwd pdqhud/ od vroxflöq vh hqfxhqwud hq od lqwhuvhfflöq gh odv fxuydv
� E%� ' %� | � E%� ' 2%2 � % n �/ fx|d uhsuhvhqwdflöq vh qrv dqwrmd päv
vhqflood1

Ho pìwrgr juä�fr vxhoh hpsohduvh sdud gholplwdu ho lqwhuydor grqgh vh
hqfxhqwudq odv udðfhv | qr uhvxowd suäfwlfr sdud hydoxduodv frq ghwdooh1

61615 Pìwrgr gh elvhfflöq

Vxsrqjdprv xqd hfxdflöq s E%� ' f/ grqgh od ixqflöq s hv frqwlqxd hq d@c Ko
| s E@� s EK� 	 f | vöor wlhqh xqd udð} hq glfkr lqwhuydor1 Sdud kdooduod/
srghprv glylgluor hq grv vxelqwhuydorv sru od plwdg1 Hvwr hv=

U '

�
@c

@n K

2

�
c a '

�
@ n K

2
c K

�
� +6154,

Vl s
�
@nK
2

�
' f/ hqwrqfhv ho sxqwr phglr hv xqd udð} gh od hfxdflöq1 Vl qr hv

dvð/ hohjlprv od plwdg U r a grqgh ho vljqr gh s vhd glvwlqwr hq vxv h{wuhprv
| oodpdprv U� d hvd plwdg1 Ho qxhyr lqwhuydor U� vh glylgh sru od plwdg | vh
yxhoyh d dsolfdu ho plvpr surfhvr1 Rewhqhprv dvð xqd vxfhvlöq gh lqwhuydorv
U? ' d@?c K?o fx|rv h{wuhprv yhul�fdq=

s EK?� s E@?� 	 fc +6155,

| vxv orqjlwxghv=

K? � @? '
�

2?
EK� @� c +6156,

hv ghflu/ od orqjlwxg gh fdgd xqr gh hoorv hv od plwdg gh od gho dqwhulru1 Od
vxfhvlöq E@?� gh orv h{wuhprv l}txlhugrv gh orv lqwhuydorv U? hv prqöwrqd
qr ghfuhflhqwh | od vxfhvlöq gh orv h{wuhprv ghuhfkrv EK?� hv prqöwrqd qr
fuhflhqwh1 Dpedv hvwäq dfrwdgdv sru or txh wlhqhq oðplwh | uhvxowd gh 6156
txh

*�4
?

EK? � @?� ' *�4
?

�

2?
EK� @� ' f� +6157,

Oxhjr dpedv vxfhvlrqhv wlhqhq xq oðplwh frpýq=

*�4
?

@? ' *�4
?

K? ' 1� +6158,
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Ilqdophqwh/ frpr s hv frqwlqxd frqvhuyduä odv rshudflrqhv gh sdvr do oðplwh
| vh wlhqh txh

*�4
?

s EK?� s E@?� ' s
�
*�4
?

@?
�
s
�
*�4
?

K?
�
' s E1� s E1� ' s E1�2 � +6159,

Frpr hv 6155 hqwrqfhv

*�4
?

s EK?� s E@?� ' s E1�2 � fc +615:,

gh grqgh s E1� ' f1 Hvwr vljql�fd txh ho oðplwh frpýq gh orv h{wuhprv hv od
udð} exvfdgd1 Sru rwur odgr/ ljxdogdg 6156 qrv shuplwh dfrwdu ho huuru1 Hq
hihfwr/ frpr

@? 	 1 	 K?c +615;,

vh wlhqh txh

f 	 1 � @? 	 K? � @? '
�

2?
EK� @� � +615<,

Dvð/ wrpdqgr ho h{wuhpr l}txlhugr @? gho vxelqwhuydor U? frpr ydoru dsur{l0
pdgr/ frphwhprv xq huuru lqihulru d �

2?
EK� @�1

+lqvhuwdu lpdjhq gh od vxeglylvlöq gh lqwhuydorv,

Hmhpsor 63 Ydprv d xwlol}du ho pìwrgr gh elvhfflöq sdud kdoodu od ýqlfd
udð} uhdo gh od hfxdflöq %� � 2%2 n % � � ' f hq ho lqwhuydor E�c 2� frq
xq huuru lqihulru d od ploìvlpd1 Hq sulphu oxjdu/ fdofxodprv ho qýphur gh
vxeglylvlrqhv txh ghehprv kdfhu xwlol}dqgr 615<=

f 	 1 � @? 	
�

2?
E2� �� '

�

2?
	 f�ff�� +6163,

Od lqhfxdflöq uhvxowdqwh=
�

2?
	 f�ff� +6164,

wlhqh iäflo vroxflöq

�

2?
	 f�ff� , 2? :

�

f�ff�
, 2? : �fff , ? *? 2 : *? �fff ,

, ? :
*? �fff

*? 2
, ? : b�bSDH� +6165,

Ghehprv hihfwxdu xq wrwdo gh glh} glylvlrqhv1 Frphq}dprv=

U '

�
�c

�

2

�
c a '

�
�

2
c 2

�
� +6166,
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Frpr s E�� s
�
�
2

�
: f | s

�
�
2

�
s E2� 	 f/ od udð} vh gheh kdoodu hq ho vxelqwhu0

ydor U ' U�1 Gh qxhyr/ glylglprv ho lqwhuydor U� hq grv vxelqwhuydorv=

u '

�
�

2
c
.

e

�
c � '

�
.

e
c 2

�
� +6167,

Uhvxowd txh s
�
�
2

�
s
�
.
e

�
: f shur s

�
.
e

�
s E2� 	 f1 Dvð ghehprv wrpdu ho

vxelqwhuydor � ' U21 Ghmdprv do ohfwru txh frqwlqxh1

Hq ho pìwrgr gh elvhfflöq suhflvd gh xq judq qýphur gh lwhudflrqhv sdud
frqvhjxlu xqd h{dfwlwxg ud}rqdeoh +yhu ho hmhpsor 63,1 Hq od suäfwlfd/ vöor
vh xvd vl txhuhprv xqd sulphud dsur{lpdflöq frq xq pìwrgr vlpsoh1

61616 Pìwrgr gh odv vhfdqwhv +fxhugdv,

Vxsrqjdprv frpr hq od vxevhfflöq dqwhulru/ xqd hfxdflöq s E%� ' f/ grqgh
od ixqflöq s hv frqwlqxd hq d@c Ko | s E@� s EK� 	 f/ frq xqd ýqlfd udð} hq glfkr
lqwhuydor1 Vl vxvwlwxlprv od fxuyd sru xqd uhfwd txh xqd orv h{wuhprv s E@�
| s EK� | exvfdprv ho sxqwr gh fruwh %� gh od uhfwd frq ho hmh gh devflvdv/
frqvhjxluhprv xqd dsur{lpdflöq gh od udð}1 Hvwd dsur{lpdflöq sxhgh xvduvh
sdud glexmdu xqd qxhyd uhfwd xqr gh fx|rv sxqwrv hv E%�c s E%��� | ho rwur vh
ghwhuplqd gh dfxhugr frq od irupd jhqhudo gh od fxuyd1 Hq hvwd qxhyd uhfwd
vh exvfd ho sxqwr gh fruwh %2 frq ho hmh gh devflvdv | vh wrpd frpr qxhyd
dsur{lpdflöq1 Ho ohfwru revhuyduä txh vl qr vh holjhq dghfxdgdphqwh orv grv
sxqwrv gh od uhfwd/ od lwhudflöq qr wlhqh sru txì frqyhujhu d od udð}1

a b

( )af

( )bf

ξ
1x2x

Iljxud 616= Od uhfwd fruwd do hmh gh devflvdv hq xq sxqwr %� suö{lpr d od
udð}1

Od hfxdflöq gh od uhfwd txh sdvd sru orv sxqwrv E@c s E@�� | EKc s EK�� hq
od irupd sxqwr0shqglhqwh hv=

+ � s E@� '
s EK�� s E@�

K� @
E%� @� � +6168,
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a
b

( )af

( )bf

1x 2x
ξ

Iljxud 617= Ho sxqwr gh fruwh %2 vh dohmd gh od udð} do wrpdu ho sxqwr htxlyr0
fdgr sdud frqvwuxlu od uhfwd1

Kdflhqgr + ' f/ rewhqhprv ho sxqwr %� gh fruwh frq ho hmh %=

f� s E@� '
s EK�� s E@�

K� @
E%� @� , %� @ ' �s E@�

K� @

s EK�� s E@�
,

, % ' @� s E@�
K� @

s EK�� s E@�
� +6169,

Gduhprv xq pìwrgr txh dvhjxud od frqyhujhqfld gho surfhvr/ vlq päv txh
kdfhu dojxqdv klsöwhvlv dglflrqdohv=

41 Vl s E@� : f/ s EK� 	 f | s �� E%� : f/ sdud wrgr % 5 d@c Ko +frqyh{d,/
hqwrqfhv wrpdprv %f ' K | ho h{wuhpr @ or ghmdprv �mr1 Odv vxfhvlydv
lwhudflrqhv wlhqhq od irupd=

%?n� ' %? � s E%?�

s E%?�� s E@�
E%? � @� � +616:,

Od vxfhvlöq rewhqlgd/ E%?� hv prqöwrqd ghfuhflhqwh dfrwdgd sru or txh
wlhqh oðplwh k/ yhul�fdqgr @ 	 k 	 K | ìvwh hv od udð}1 Hq hihfwr/
vdehprv txh h{lvwh xqd ýqlfd udð} 1 hq E@c K�1 Sdvdqgr do oðplwh 616: vh
wlhqh=

*�4
?

%?n� ' *�4
?

�
%? � s E%?�

s E%?�� s E@�
E%? � @�

�
,

, *�4
?

%?n� ' *�4%? � s E*�4? %?�

s E*�4? %?�� s E@�
E*�4%? � @� , +616;,

, k ' k� s Ek�

s Ek�� s E@�
Ek� @� , s Ek�

s Ek�� s E@�
Ek� @� ' f ,

, Frpr @ 	 k/ hqwrqfhv s Ek� ' f�
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Do vhu ýqlfd od udð} hq E@c K� | fxpsolu s Ek� ' f/ vh ghgxfh txh k hv
glfkd udð}1

Iljxud 618= Loxvwudflöq gho fdvr 41

51 Vl s E@� 	 f/ s EK� : f | s �� E%� : f sdud wrgr % 5 d@c Ko +gh qxhyr
frqyh{d,/ hqwrqfhv wrpdprv %f ' @ | ho h{wuhpr K or ghmdprv �mr1 Odv
lwhudflrqhv vrq dkrud

%?n� ' %? � s E%?�

s EK�� s E%?�
EK� %?� � +616<,

Od vxfhvlöq E%?� hv prqöwrqd fuhflhqwh | frqyhujh d od udð}1 Od ghprv0
wudflöq gh hvwh dvhuwr hv vlplodu d od hihfwxdgd sdud ho fdvr 41

Iljxud 619= Loxvwudflöq gho fdvr 51
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Vl od ixqflöq s E%� wlhqh vhjxqgd ghulydgd s �� E%� 	 f +föqfdyd,/ edvwduä
wrpdu od hfxdflöq �s E%� ' f/ od fxdo hv htxlydohqwh d s E%� ' f1 Hqwrqfhv/
�s E%� hv frqyh{d | srghprv xwlol}du 4 r 51

Sdud ghwhuplqdu ho huuru hq orv vxsxhvwrv 4 | 5/ kduhprv xvr gh od iöupxod=

m%? � %?3�m 	 0� +6173,

Hv ghflu/ vl txhuhprv xq huuru phqru txh 0/ edvwduä wrpdu ? lwhudflrqhv gh
pdqhud txh od glvwdqfld hqwuh %? | %?3� vhd phqru txh 01

Hmhpsor 64 Ydprv d xwlol}du ho pìwrgr gh odv vhfdqwhv sdud kdoodu od ýqlfd
udð} uhdo gh od hfxdflöq %��2%2n%�� ' f hq ho lqwhuydor E�c 2� frq xq huuru
lqihulru d od ploìvlpd1 Frpr s E�� 	 f/ s E2� : f | s �� E%� ' S%� e : f sdud
wrgr % 5 d�c 2o/ dsolfduhprv ho vxsxhvwr 5/ frq %f ' � | ho h{wuhpr K ' 2 �mr1
Hq frqvhfxhqfld/ uhvxowd od wdeod=

%? s E%?� %?n� ' %? � sE%?�
sEK�3sE%?� EK� %?�

4 04 ��� �
�3E3�� E2� �� ' ��� D

0418 04316:8 ���D� 3�f��.D
�3E3�f��.D� E2� E���D�� ' �� Sb2�

419<56 0314;;<48 ��Sb2�� 3f��HHb�D
�3E3f��HHb�D� E2� ��Sb2�� ' �� .e�2

41:745 031767573 ��.e�2� 3f�e�e2ef
�3E3f�e�e2ef� E2� ��.e�2� ' �� H�bS

41;4<9 31555638 ��H�bS� f�222�fD
�3f�222�fD E2� ��H�bS� ' �� .SH

41:9; 31375;3; ��.SH� f�fe2HfH
�3f�fe2HfH E2� ��.SH� ' �� .D.S

41:8:9 3133;:;; ��.D.S� f�ffH.HH
�3f�ffH.HH E2� ��.D.S� ' �� .DDD

41:888 31335337 ��.DDD� f�ff2ffe
�3f�ff2ffe E2� ��.DDD� ' �� .DD

41:88 313336<6 ��.DD� f�fff�b�
�3f�fff�b� E2� ��.DD� ' �� .Deb

41:87< 313333:4 ��.Deb� f�ffff.�
�3f�ffff.� E2� ��.Deb� ' �� .Deb

Khprv gh ghflu txh hq hvwd wdeod vh kd uhgrqghdgr | hvwr kd shumxglfdgr od
frqyhujhqfld1 Revhuydprv txh/ d phglgd txh dydq}dprv hq odv lwhudflrqhv/
vh rewlhqhq ydoruhv ghflpdohv frpxqhv1 Fxdqgr frqvhjxlprv fxdwur ghflpd0
ohv ljxdohv gh xqd �od d rwud/ srghprv d�updu txh ho ydoru rewhqlgr wlhqh xq
huuru lqihulru d xqd ploìvlpd uhvshfwr d od yhugdghud udð}1 Hq qxhvwur fdvr
hv

%H ' ��.Deb� +6174,

Uhfrughprv txh hq ho pìwrgr gh odv elvhfflrqhv kdeðd txh hihfwxdu xq wrwdo gh
glh} elvhfflrqhv/ plhqwudv txh hq hvwh pìwrgr khprv whqlgr txh kdfhu rfkr
lwhudflrqhv1 Flhuwdphqwh/ od jdqdqfld qr hv pxfkd +dxqtxh hvwd frqfoxvlöq
qr hv jhqhudol}deoh,1

61617 Pìwrgr gh Qhzwrq +wdqjhqwhv,

Vl hq oxjdu gh xwlol}du vhfdqwhv sdud kdoodu sxqwrv gh fruwh txh dsur{lphq
d od udð} exvfdgd/ xwlol}dprv wdqjhqwhv/ od dsur{lpdflöq vxhoh vhu pxfkr
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päv uäslgd | hihfwlyd1 Ho pìwrgr gh Qhzwrq kdfh xvr gh hvwd lghd1 Vhd
s G d@c Ko �$ U/ frqwlqxd | ghulydeoh hq vx grplqlr/ | vhd s E@� s EK� 	 f1
Vxsrqhprv txh s E%� ' f wlhqh udð} 1 ýqlfd hq ho lqwhuydor fhuudgr | txh s � E%�
| s �� E%� frqvhuydq orv vljqrv hq glfkr lqwhuydor1 Vl %? hv xqd dsur{lpdflöq gh
od udð} 1/ srghprv phmruduod frqvlghudqgr ho fruwh gh od uhfwd wdqjhqwh d od
fxuyd hq E%?c s E%?�� frq ho hmh gh devflvdv1 Od hfxdflöq gh od uhfwd wdqjhqwh
hq glfkr sxqwr hv=

+ � s E%?� ' s � E%?� E%� %?� � +6175,

Sru or txh vx sxqwr gh fruwh %?n� frq ho hmh % hv=

f� s E%?� ' s � E%?� E%?n� � %?� , %?n� ' %? � s E%?�

s � E%?�
� +6176,

Iljxud 61:= Odv wdqjhqwhv wlhqhq sxqwrv gh fruwh fdgd yh} päv suö{lprv d
od udð}1

Wdpelìq/ frpr hq ho fdvr dqwhulru/ sdud frqvhjxlu txh od frqyhujhqfld
vhd srvleoh/ hv qhfhvdulr h{ljlu flhuwdv frqglflrqhv suhyldv1 Vl qr vh kdfh dvð/
vh fruuh ho ulhvjr gh wrpdu lwhudflrqhv frq ydoruhv fdgd yh} päv dohmdgrv gh
od udð}1

Whruhpd 44 Vxsrqjdprv txh s hv xqd ixqflöq frqwlqxd hq d@c Ko | txh
s E@� s EK� 	 f/ frq xqd ýqlfd udð} hq d@c Ko1 Odv ghulydgdv s � E%� | s �� E%�
h{lvwhq/ qr vrq qxodv | frqvhuydq ho vljqr hq glfkr lqwhuydor41 Hqwrqfhv
sduwlhqgr/ gh xq sxqwr %f gh d@c Ko txh fxpsod s E%f� s

�� E%f� : f +hv ghflu/
txh whqjd ho plvpr vljqr txh vx vhjxqgd ghulydgd, vh frqvljxh frq 6176 ho
fäofxor gh od udð} ýqlfd frq fxdotxlhu judgr gh h{dfwlwxg1

4Od sulphud | od vhjxqgd ghulydgd qr wlhqhq sru txì whqhu ho plvpr vljqr/ vöor vh ohv
h{ljh txh frqvhuyhq ho txh whqjdq hq ho lqwhuydor1
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Hmhpsor 65 Ydprv d xwlol}du ho pìwrgr gh Qhzwrq sdud kdoodu od ýqlfd
udð} uhdo gh od hfxdflöq %� � 2%2 n % � � ' f hq ho lqwhuydor E�c 2� frq xq
huuru lqihulru d od ploìvlpd1 Vdehprv txh s E�� 	 f/ s E2� : f/ s � E%� '
�%2 � e% n � : f | s �� E%� ' S% � e : f1 Hv ghflu/ srghprv dsolfdu vlq
sureohpdv ho pìwrgr gh Qhzwrq | wrpdu xq sxqwr lqlfldo %f txh whqjd lpdjhq
frq ho plvpr vljqr txh od vhjxqgd ghulydgd1 Hq hvwh fdvr %f ' 21 Sdvdprv
orv uhvxowdgrv d xqd wdeod

%? s E%?� s � E%?� %? � sE%?�
s �E%?�

5 4 8 2� �
D
' �� H

41; 31485 6185 ��H� f��D2
��D2

' �� .DSH
41:89; 313395338 61564;6;: ��.DSH� f�ffS2ffD

��2��H�H.
' �� .Deb

41:87< 313333:4< 6154<7553 ��.Deb� f�ffff.�b
��2�be22f

' �� .Deb
Rewhqhprv hvwdelolgdg hq fxdwur ghflpdohv do fder gh vöor wuhv lwhudflrqhv1

Frpsuredprv txh %� ' ��.Deb hv ho ydoru dsur{lpdgr gh od udð} frq xq huuru
phqru txh xqd ploìvlpd1 Hvwr qrv pxhvwud od uäslgd frqyhujhqfld gho pìwrgr
gh Qhzwrq hq uhodflöq d orv dqwhulruhv1

Dojxqrv vxsxhvwrv päv vreuh ho frpsruwdplhqwr gh od ixqflöq qrv frqfoxlu
txh wlhqh udð} ýqlfd | wrpdu fxdotxlhu sxqwr lqlfldo %f hq 61761

Whruhpd 45 Vxsrqjdprv txh s hv xqd ixqflöq frq ghulydgd vhjxqgd frq0
wlqxd hq d@c Ko | txh s E@� s EK� 	 f1 Dghpäv/ od ghulydgd s � E%� hv qr qxod hq
glfkr lqwhuydor/ s �� E%� qr fdpeld gh vljqr | ho pä{lpr gh orv grv ydoruhv���� s E@�s � E@�

���� c
���� s EK�s � EK�

���� +6177,

hv phqru r ljxdo txh od orqjlwxg K � @ gho lqwhuydor1 Hqwrqfhv h{lvwh xqd
ýqlfd udð} gh s E%� ' f hq d@c Ko | ìvwd vh frqvljxh frq 6176 sdud fxdotxlhu
sxqwr %f gh d@c Ko1

617 Pìwrgrv gh lwhudflöq

61714 Lqwurgxfflöq

Ho surfhglplhqwr gh lwhudflöq phuhfh xqd vhfflöq dsduwh sru vx judq lpsru0
wdqfld1 Vh wudwd gh xqr gh orv pìwrgrv päv lqphgldwdphqwh lpsohphqwdeohv
hq rughqdgru | vxv ixqgdphqwrv wrfdq dojxqrv whpdv pdwhpäwlfrv gh judq
wudvfhqghqfld1 Hq orv säuudirv vljxlhqwhv hver}dprv hvwh pìwrgr1

Vhd s E%� ' f xqd hfxdflöq/ grqgh s E%� hv frqwlqxd1 Vh ghvhd ghwhuplqdu
vxv udðfhv uhdohv1 Sdud hoor/ vxvwlwxlprv od h{suhvlöq s E%� sru rwud htxlydohqwh
gh od irupd

� E%� ' %� +6178,
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Xwlol}dqgr fxdotxlhu surfhglplhqwr hvwlpdprv xq ydoru %f dsur{lpdgr gh od
udð} | fdofxodprv � E%f� ' %�1 Ho qxhyr ydoru vh vxvwlwx|h hq � E%� sdud gdu
� E%�� ' %2 | dvð vxfhvlydphqwh1 Hvwr qrv shuplwh frqvwuxlu xqd vxfhvlöq

%? ' � E%?3�� � +6179,

Gdqgr sru vxsxhvwr txh � E%� hv frqwlqxd | txh od vxfhvlöq E%?� hv frqyhu0
jhqwh d xq sxqwr k/ vh wlhqh

*�4
?

%? ' �
�
*�4
?

%?3�
�
, k ' � Ek� 1 +617:,

Hq frqvhfxhqfld/ k yhul�fd 6178 | hv xqd udð} gh s E%� ' f1

Hmhpsor 66 Od hfxdflöq %� � 2%2 n % � � ' f sxhgh srqhuvh hq irupd
htxlydohqwh frpr

% ' � n 2%2 � %�c +617;,

grqgh � E%� ' �n2%2�%� hv xqd ixqflöq frqwlqxd1 Juä�fdphqwh/ od hfxdflöq
617; vh uhvxhoyh exvfdqgr orv sxqwrv gh lqwhuvhfflöq gh od uhfwd + ' % frq od
fxuyd � E%� ' � n 2%2 � %�1

61715 Whruhpdv gh frqyhujhqfld

Sdud jdudqwl}du od frqyhujhqfld gho pìwrgr hv qhfhvdulr h{ljlu flhuwdv frqgl0
flrqhv d od ixqflöq � E%�1

Whruhpd 46 Vhd � E%� xqd ixqflöq uhdo gh yduldeoh uhdo gh�qlgd hq d@c Ko1
Vxsrqjdprv txh vxv ydoruhv wdpelìq shuwhqhfhq d d@c Ko | txh h{lvwh f 	 u 	 �
wdo txh

m� E%�� � E+�m 	 u m%� +m c +617<,

sdud wrgr % h + shuwhqhflhqwhv d d@c Ko1 Hqwrqfhv h{lvwh xqd ýqlfd udð} gh
% ' � E%� txh vh rewlhqh frpr oðplwh gh od vxfhvlöq %? ' � E%?3��/ sduwlhqgr
gh fxdotxlhu sxqwr lqlfldo %f hq ho lqwhuydor1

Hq od suäfwlfd/ vl od ixqflöq � E%� hv ghulydeoh frq frqwlqxlgdg/ srghprv
xwlol}du od ghulydgd sdud gdu xqd frqglflöq oljhudphqwh päv pdqhmdeoh1

Whruhpd 47 Vhd � E%� xqd ixqflöq uhdo gh yduldeoh uhdo gh�qlgd | ghulydeoh
frq frqwlqxlgdg hq d@c Ko | fx|rv ydoruhv wdpelìq hvwäq hq d@c Ko1 Vl od h{lvwh
xq qýphur srvlwlyr R/ phqru txh xqr/ wdo txh

m�� E%�m 	 R/ sdud wrgr % 5 d@c Ko c +6183,
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hqwrqfhv ho surfhvr gh lwhudflöq

%? ' � E%?3�� +6184,

frqyhujh lqghshqglhqwhphqwh gho ydoru lqlfldo %f 5 d@c Ko | vx oðplwh hv od
ýqlfd udð} gh od hfxdflöq % ' � E%� hq ho lqwhuydor d@c Ko1

Ho whruhpd dqwhulru vljxh vlhqgr yäolgr vl hq oxjdu gh frqvlghudu xq lqwhu0
ydor fhuudgr/ frqvlghudprv wrgd od uhfwd uhdo1 Revhuydprv wdpelìq txh hq
odv frqglflrqhv gho whruhpd/ ho pìwrgr hv dxwrfruuhfwru |d txh qr ghshqgh
gho ydoru lqlfldo wrpdgr hq ho lqwhuydor1 Dvð/ xq huuru lqglylgxdo hq orv fäofx0
orv txh qr hvwì sru hqflpd gh orv oðplwhv gho lqwhuydor qr dihfwd do ydoru �qdo
+dxqtxh vð do qýphur gh lwhudflrqhv, sxhv sxhgh frqvlghuduvh frpr xq qxhyr
sxqwr lqlfldo1

Sru rwur odgr/ fdeh vhôdodu txh/ do frqwudulr gh or txh rfxuuh orv pìwrgrv
gh od vhfdqwh | gh Qhzwrq/ od hvwdelolgdg hq ho qýphur gh ghflpdohv rewhqlgrv
qr jdudqwl}d hq wrgrv orv fdvrv txh wdohv ghflpdohv vhdq h{dfwrv1

Hmhpsor 67 Vhd od hfxdflöq %� � 2%2 n %� � ' f hq od irupd

% ' � n 2%2 � %�� +6185,

Od ixqflöq � E%� ' �n 2%2� %� hv frqwlqxd | ghulydeoh hq wrgd od uhfwd uhdo1
Vx ghulydgd hv=

�� E%� ' e%� �%2� +6186,

Ghvdiruwxqdgdphqwh/ hvwd ghulydgd qr hvwä dfrwdgd hq wrgd od uhfwd uhdo sru
or txh kdeuhprv gh exvfdu xq lqwhuydor fhuudgr d@c Ko sdud ho txh od lpdjhq
gh � E%� vh hqfxhqwuh wdpelìq hq glfkr lqwhuydor | od ghulydgd hvwì dfrwdgd
frq xq qýphur srvlwlyr phqru txh od xqlgdg1 Xqd lqvshfflöq od ghulydgd qrv
d|xgd d hqfrqwudu wdo lqwhuydor1 Hq hihfwr/ hq ho whruhpd vh kdfh od klsöwhvlv
gh dfrwdflöq gho ydoru devroxwr gh od ghulydgd sru xq qýphur phqru txh xqr1
Frpr �� E%� ' e%� �%2 hv xqd sduäerod/ vx uhsuhvhqwdflöq hv vhqflood

Od ghulydgd hv vöor phqru txh xqr hq ydoru devroxwr vl wrpdprv % hqwuh/
dsur{lpdgdphqwh/ �f�2D | ��Df1 Vlq hpedujr/ sdud hvwh lqwhuydor od ixqflöq
� E%� qr wlhqh lpäjhqhv ghqwur gho plvpr |d txh/ sru hmhpsor � E�� ' 2�

Hq frqvhfxhqfld/ qr kdooduhprv xq lqwhuydor dghfxdgr grqgh ho ydoru
lqlfldo %f qr whqjd lpsruwdqfld1

Vl vdehprv txh h{lvwh xqd ýqlfd udð} hq xq lqwhuydor | wrpdprv xqd
dsur{lpdflöq lqlfldo dghfxdgd/ ho pìwrgr gh lwhudflöq qrv oohyduä d rewhqhu
od udð}1
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Iljxud 61;= Juä�fd gh od ghulydgd gh + ' � n 2%2 � %�1

Whruhpd 48 Vl h{lvwh xqd udð} 1 gh % ' � E%� hq ho lqwhuydor d@c Ko/ hq ho
fxdo � wlhqh ghulydgd frqwlqxd | yhul�fd m�� E1�m 	 �/ hqwrqfhv hv srvleoh
hqfrqwudu xq ydoru lqlfldo %f/ vx�flhqwhphqwh suö{lpr d 1/ sdud ho txh od
vxfhvlöq uhfxuuhqwh %? ' � E%?3�� frqyhujh d od udð}1

Juä�fdphqwh/ hvwr vljql�fd txh vl od shqglhqwh gh od wdqjhqwh d od fxuyd ho
sxqwr frq devflvd ljxdo d od udð} wlhqh xqd �shtxhôd� lqfolqdflöq +hqwuh 04 |
4,/ hqwrqfhv dfhufäqgrqrv or vx�flhqwh srghprv frqvhjxlu xqd frqyhujhqfld
sru lwhudflrqhv1 Hq hvwh fdvr/ vh sxhgh xwlol}du od h{suhvlöq

m%?n� � %?m � �� R

R
0/ grqgh 0 hv ho huuru suh�mdgr/ +6187,

sdud yhu ho qýphur gh lwhudflrqhv qhfhvduldv sdud gdu xqd dsur{lpdflöq frq
xq huuru phqru r ljxdo txh 01 Dvð/ fxdqgr grv dsur{lpdflrqhv frlqflghq
ghqwur gho pdujhq gdgr sru �3R

R
0/ od ýowlpd dsur{lpdflöq hv od dghfxgd1

Hmhpsor 68 Uhwrpdprv od hfxdflöq %� � 2%2 n %� � ' f | od htxlydohqwh
% ' �n2%2�%� gho hmhpsor 671 Vdehprv txh wlhqh xqd ýqlfd udð} hqwuh � | 21
Wdpelìq vdehprv txh vx ghulydgd hv phqru txh xqr hq ydoru devroxwr hqwuh/
dsur{lpdgdphqwh/ �f�2D | ��Df1 Vl d�qdprv xq srfr ho lqwhuydor lqlfldo/
srghprv wrpdu ho lqwhuydor dfc ��Dfo/ shur sdud glfkr lqwhuydor qr kd| fdpelr
gh vljqr hq od ixqflöq ruljlqdo + ' %� � 2%2 n %� �/ oxhjr hq ìo qr vh kdood
od udð} +frvd txh |d vdehprv sxhv od khprv fdofxodgr sru rwurv pìwrgrv,1
Hq gh�qlwlyd/ wdpsrfr srghprv dsolfdu d hvwh hmhpsor ho whruhpd 481 ÁTxì
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Iljxud 61<= Sduwh gh od juä�fd gh + ' � n 2%2 � %�1

sdvduä vl wrpdprv xq ydoru lqlfldo frpr %f ' �B1 Od wdeod vljxlhqwh qrv gd
od uhvsxhvwd1

%? � E%?�
4 5
5 4
4 5
Rewhqhprv xq flfor hqwuh 4 | 51 Surehprv frq %f ' ��D�
%? � E%?�
418 51458
51458 31768879;:8
31768879;:8 415<9::;77;
415<9::;77; 514;5894845
Qr revhuydprv qlqjxqd hvwdelolgdg1 Hq uhvxphq/ hvwh pìwrgr qr hv dsol0

fdeoh sdud od hfxdflöq srolqöplfd1

Hq jhqhudo/ sdud odv hfxdflrqhv srolqöplfdv vrq suhihuleohv rwurv pìwrgrv
glvwlqwrv do gh lwhudflöq +orv hmhpsorv dqwhulruhv qrv pxhvwudq ho sru txì,1 Vlq
hpedujr/ sdud odv hfxdflrqhv wudvfhqghqwhv hvwh pìwrgr vh uhyhod edvwdqwh
h�flhqwh1

Hmhpsor 69 Ydprv d kdoodu odv udðfhv gh od hfxdflöq %� ti?% ' f�2D frq
wuhv ghflpdohv h{dfwrv1 Sulphur hvfulelprv

%� ti? %� f�2D ' f� +6188,
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D frqwlqxdflöq/ xvdprv od phwrgrorjðd gh 61516 sdud vhsdudu odv udðfhv1 Fr0
pr od ghulydgd hv=

s � E%� ' �� ULt%c +6189,

whqhprv txh

�� ULt% ' f , ULt% ' � , % ' &Z/ grqgh & 5 ]� +618:,

Od lq�qlgdg gh sxqwrv fuðwlfrv gh sulphud hvshflh txh khprv rewhqlgr gd
oxjdu d xqd lq�qlgdg gh lqwhuydorv gh od irupd

E&Zc E& n �� Z� c grqgh & 5 ]� +618;,

Fdofxodprv orv vljqrv gh s E%� hq orv h{wuhprv gh fdgd lqwhuydor=

s E&Z� ' &Z � ti? E&Z�� f�2D ' &Z � f�2Dc +618<,

s EE& n �� Z� ' E& n ��Z � ti? EE& n �� Z�� f�2D ' E& n �� Z � f�2D�

Vl hv & ' f/ whqhprv xqd yduldflöq gh vljqr=

s Ef� ' �f�2Dc

s EZ� ' Z � f�2D ' 2� Hb�S� +6193,

Vl & : f r & 	 f hqwrqfhv qr kd| yduldflöq gh vljqr1 Dvð sxhv/ whqguhprv
xqd ýqlfd udð} hq ho lqwhuydor Efc Z�1 Phmrudprv hvwd udð} xwlol}dqgr ho pìwrgr
gh elvhfflöq1 Sdud hoor/ glylglprv ho lqwhuydor hq grv vxelqwhuydorv plwdg=

U '
�
fc

Z

2

�
c a '

�Z
2
c Z

�
� +6194,

Frpr uhvxowd txh=

s Ef� s
�Z
2

�
	 fc s

�Z
2

�
s EZ� : f/ +6195,

hvfrjhprv ho vxelqwhuydor
�
fc Z

2

�
1 Dsolfdprv gh qxhyr od elvhfflöq=

g '
�
fc

Z

e

�
c u '

�Z
e
c
Z

2

�
c

s Ef� s
�Z
e

�
: fc s

�Z
e

�
s
�Z
2

�
	 f� +6196,

Od udð} vh hqfxhqwud hq ho lqwhuydor
�
Z
e
c Z
2

�
1 Vhjxlprv frq xqd elvhfflöq päv5=

� '

�
Z

e
c
�Z

H

�
c � '

�
�Z

H
c
Z

2

�
c

s
�Z
e

�
s

�
�Z

H

�
	 fc s

�
�Z

H

�
s
�Z
2

�
: f� +6197,

5Hvwr or kdfhprv frq ho �q gh frqvhjxlu xq lqwhuydor shtxhôr grqgh od ghulydgd hvwì
dfrwdgd sru xq qýphur phqru txh xqr1
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Hvfrjhprv ho vxelqwhuydor � '
�
Z
e
c �Z

H

�
| whuplqdprv dtxð od elvhfflöq |

sdvdprv d hvwxgldu od dfrwdflöq gh s � E%� hq hvwh lqwhuydor frq ho �q gh
dsolfdu ho whruhpd 481 Hvfulelprv od hfxdflöq hq od irupd htxlydohqwh=

% ' ti? %n f�2D� +6198,

Wrpdprv
� E%� ' ti?%n f�2D� +6199,

Od ghulydgd hv �� E%� ' ULt% | hvwä dfrwdgd sru xq ydoru phqru txh xqr hq
ho lqwhuydor

�
Z
e
c �Z

H

�
1 Hq frqfuhwr/

m�� E%�m 	 R '

s
2

2
	 �� +619:,

Hvwr vljql�fd txh vl 1 hv od udð} hq glfkr lqwhuydor/ yhul�fd m�� E1�m 	 � |
srghprv dsolfdu ho whruhpd 481 Xvduhprv ho ydoru %f ' Z

e
frpr sulphud

lwhudflöq | sdud vdehu ho qýphur gh lwhudflrqhv hpsohdprv 61871

��
�I

2
2

�
�I

2
2

� f�ff� ' f�fffe �e2�� +619;,

Hvwr vljql�fd txh ghwhqguhprv ho dojrulwpr fxdqgr frlqflgdq 8 fliudv vljql0
�fdwlydv

%? � E%?�
Z
e

1<8:439:;43
31<8:439:;43 4139:85;;56
4139:85;;56 41459344688
41459344688 41485:36538
41485:36538 41496;97;5<
4149;66<96: 414:3434868
414:3434868 414:3:<353:
414:3:<353: 414:438;944
414:438;944 414:4496434
Ho ydoru dsur{lpdgr gh od udð} hv 71 ' ���.�1


